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Abstract. We present an updated analysis of isospin-violating corrections to ε′/ε in the
framework of chiral perturbation theory, taking advantage of the currently improved knowledge
on quark masses and nonperturbative parameters. The role of the different ingredients entering
into the analysis is carefully assessed. Our final result is Ωeff = 0.110 +0.090

−0.088 [1].

1. Introduction

The K → ππ process is a splendid laboratory to test our understanding on the interplay of
the electroweak and strong forces at different energy regimes [2]. The initial and final states do
not correspond to the fundamental degrees of freedom of the theory, i.e. quarks and gluons.
Instead, they are effective Goldstone bosons that emerge from the non-perturbative dynamics of
the strong interactions, particularly from its spontaneous chiral symmetry breaking. However,
the process itself involves a change in strangeness which in the Standard Model (SM) can only
occur through interactions of weak currents mediated by the W boson, whose mass is several
orders of magnitude heavier than MK . The CKM mechanism introduces a small amount of CP
violation that allows for a very small, but different from zero, CP-violating ratio ε′/ε.

It is convenient to use the following isospin decomposition of the K → ππ amplitudes [3]:

A(K0 → π+π−) = A1/2 +
1√
2

(

A3/2 +A5/2

)

= A0 e
iχ0 +

1√
2
A2 e

iχ2 ,

A(K0 → π0π0) = A1/2 −
√
2
(

A3/2 +A5/2

)

= A0 e
iχ0 −

√
2A2 e

iχ2 , (1)

A(K+ → π+π0) =
3

2

(

A3/2 −
2

3
A5/2

)

=
3

2
A+

2 eiχ
+
2 ,

where A0, A2 and A+
2 are defined to be real in the CP-conserving limit. At first order in CP

violation, ε′ can then be written as

ε′ = − i√
2
ei(χ2−χ0) ω

[

ImA0

ReA0
− ImA2

ReA2

]

= − i√
2
ei(χ2−χ0) ω

ImA0

ReA0

(

1 − 1

ω

ImA2

ImA0

)

,
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where ω ≡ ReA2/ReA0 ≈ 1/22.
In general, due to the small values of the light-quark masses and the electromagnetic coupling,

the isospin limit (md−mu = α = 0) is a very good approximation. In that limit, ImA2 vanishes.
However, a double enhancement destroys this argument for ε′/ε [3–11]:

• The large enhancement of the I = 0 amplitude with respect to the I = 2 one (1/ω ≈ 22).

• Electroweak penguins diagrams, which are by definition isospin-breaking (IB) contributions,
induce effective (V − A) × (V + A) four-quark operators with enhanced K → ππ matrix
elements (their leading-order bosonization does not include derivatives).

The leading role of electroweak penguin contributions to ImA2 is well known. Including the
rest of IB contributions is crucial in order to obtain an accurate prediction for ε′/ε. In these
proceedings we summarize the results presented in Ref. [1], where a complete reanalysis of IB
corrections to ε′/ε has been performed, updating the pioneering analysis of [3, 4].

2. From the electroweak scale to the pseudo-Goldstone dynamics

Non-leptonic kaon decays involve quite different energy regimes. Taking into account the large
value of the strong coupling, logarithm re-summation is a must to go down from the original
electroweak scale ∼ MW to a mass scale as close as possible to the chiral one, before the
perturbative expansion breaks down, i.e., µSD ∼ 1 GeV. Using the operator product expansion
and renormalization group equations, one integrates out the different intermediate degrees of
freedom (mt,MW ,mb,mc), ending up with the effective three-flavour Lagrangian [12]:

L∆S=1
eff = −GF√

2
Vud V

∗
us

10
∑

i=1

Ci(µSD)Qi(µSD) . (2)

The short-distance information is encoded in the perturbative Wilson Coefficients Ci(µSD),
which are known to next-to-leading order (NLO) [13–16]. The complete calculation of next-to-
next-to-leading-order (NNLO) QCD corrections is expected to be finished soon [17–19].

The long-distance dynamics is contained in the hadronic matrix elements 〈ππ|Qi(µSD)|K〉.
In order to analytically evaluate them, one has to rewrite the relevant operators in the effective
low-energy theory of the strong interactions, imposing that they must transform in the same
way under SU(3)L × SU(3)R. The introduction of those operators adds to the usual strong
[20–22] and electromagnetic chiral-perturbation-theory (χPT) Lagrangians [23, 24],

Lstrong =
F 2

4
〈DµUDµU † + χU † + χ†U〉+

10
∑

i=1

LiO
p4

i + F−2
90
∑

i=1

XiO
p6

i +O(p8) , (3)

Lelm = e2 Z F 4 〈QU †QU〉+ e2 F 2
14
∑

i=1

KiO
e2p2

i +O(e2p4) , (4)

the weak nonleptonic [25–28] and electroweak ones [5, 29, 30]:

L∆S=1 = G8 F
4 〈λDµU †DµU〉+G8 F

2
22
∑

i=1

NiO
8
i

+G27 F
4

(

Lµ23L
µ
11 +

2

3
Lµ21L

µ
13

)

+G27 F
2

28
∑

i=1

DiO
27
i +O(GF p

6) , (5)

L∆S=1
EW = e2 G8 gewk F

6 〈λU †QU〉+ e2 G8 F
4

14
∑

i=1

Zi O
EW
i +O(GF e

2p4) . (6)



The matrix U(x) ≡ exp {iλaφa(x)/F} parametrizes the pseudoscalar Goldstone fields. The
definitions of the rest of terms can be found in Ref. [1].

When one bosonizes the operators by simply using their symmetry transformations, there is
an ambiguous relative normalization. The normalization of the quark currents becomes fixed
at leading chiral order by gauge invariance and/or by fitting the meson masses. This is no
longer the case for the four-quark operators and, as a consequence, the values of the different
low-energy constants (LECs) G8, G27, G8gewk, {Ni}, {Di}, {Zi}, which can be regarded as the
Wilson Coefficients of χPT, are not known. They encode the information on the dynamics above
the chiral scale Λχ and their values should be extracted from the short-distance Lagrangian (2).
However, we do not know how to analytically perform such a non-perturbative matching.

In order to estimate the numerical values of the LECs we can make use of the fact that in
the limit of a large number of QCD colours the T-product of two colour-singlet quark currents
factorizes. Since we know how the quark currents bosonize, normalization included, the large-Nc

matching of Eqs. (5) and (6) with Eq. (2) becomes then possible, which determines the weak
LECs as functions of the better-known strong and electromagnetic ones in Eqs. (3) and (4).

Compact analytical results for this large-Nc matching can be found in Refs. [1, 3]. It is
important to remark that the large-NC limit is only used to fix the values of the LECs. Our
calculation of the K → ππ amplitudes incorporates all NLO χPT corrections, which include
very important logarithmic contributions of O(1/Nc) [31–34].

3. Reassessment of the numerical inputs

One of the main motivations for this reanalysis is the large number of improvements in the
needed inputs, since the original study of Ref. [3]. The more relevant physical parameters are:

• Quark masses and Wilson Coefficients: ms(µSD = 1GeV) = 125.6±0.9ms±1.9αs MeV
and md(µSD = 1GeV) = 6.27 ± 0.12md

± 0.09αs MeV [35]. The inputs for obtaining the
Wilson coefficients are taken from [35, 36]. We use two different definitions of γ5 (naive
dimensional regularisation and ’t Hooft-Veltman [37]) and average the two results.

• O(p4) strong LECs: The most recent determinations from continuum fits [38] and lattice
simulations [35] are in good agreement with the large-Nc resonance-saturation estimates
[23, 39]. We adopt the values (in 10−3 units):

Lr
5(Mρ) = 1.20 ± 0.10 , L7 = −0.32± 0.10 , Lr

8(Mρ) = 0.53 ± 0.11 . (7)

• O(p6) strong LECs: A complete analysis of resonance contributions to the O(p6) LECs
was made in Ref. [40] by matching the χPT and RχT Lagrangians at leading order (LO)
in 1/NC , in the single-resonance approximation. The Xi LECs relevant for K → ππ only
receive contributions from scalar and pseudoscalar resonance-exchange.

• Electromagnetic LECs: Our numerical inputs for the couplings Ki are based on χPT
and RχT analyses of different two-, three- and four-point Green functions [3, 41–44].

• Phenomenological fit of the CP-even amplitudes: The CP-even parts of AI , together
with the phase-shift difference χ0−χ2, can be directly extracted from the measured partial
widths Γ+−,00,+0 [45]. Including NLO χPT corrections and IB effects, this allows for an
empirical determination of Re(G8,27). The large-NC matching is only needed for the CP-
odd parts of the weak LECs, which are dominated by Q6 and Q8. Since these two operators
have non-vanishing anomalous dimensions at NC → ∞, their matrix elements are well
approximated in this limit.



4. K → ππ amplitudes up to NLO

The LO amplitudes in the CP conserving limit,

A1/2 = −
√
2G8F

[

(

M2
K −M2

π

)

]

−
√
2

9
G27F

(

M2
K −M2

π

)

,

A3/2 = −10

9
G27F

(

M2
K −M2

π

)

, (8)

A5/2 = 0 ,

are altered by IB corrections in three different ways:

(i) π
0-η mixing. Taking into account that mu 6= md, the pseudoscalar fields φ3 and φ8 in

Eq. (3) are not mass-eigenstates anymore. The field re-definition leads to extra terms.

(ii) Mass corrections. They arise both from the md − mu mass difference and from
electromagnetism through the LEC Z of Eq. (4).

(iii) Electroweak Lagrangian. They arise from inserting one vertex from Eq. (6) instead of
one from Eq. (5).

At NLO there are different kinds of IB contributions. The light-quark mass difference
and the electromagnetic interaction induce corrections through the meson masses (both when
putting them on-shell and in the propagators) and π0-η mixing at NLO. The presence of
electromagnetism introduces also tree-level diagrams with at least one electroweak vertex and a
NLO insertion, loop corrections with oneG8gewk vertex, photon loops and radiative counterparts.
Taking all of them into account, the chiral amplitudes An (n = 1/2, 3/2, 5/2) at NLO, including
IB, can be expressed as:

An = −G27 Fπ

(

M2
K −M2

π

)

A(27)
n −G8 Fπ

(

M2
K −M2

π

)[

A(8)
n + ε(2) A(ε)

n

]

+ e2 G8 F
3
π

[

A(γ)
n + Z A(Z)

n + gewk A(g)
n

]

, (9)

where, in general, every amplitude A(X)
n can be decomposed as the sum of a tree-level, a loop

and a counter-term part. Our numerical results are displayed in Tables 4, 5 and 6 of Ref. [1].

5. Isospin-breaking terms in ε
′/ε

At first order in isospin breaking [3, 4],

ε′ = − i√
2
ei(χ2−χ0) ω+

[

ImA
(0)
0

ReA
(0)
0

(1− Ωeff)−
ImAemp

2

ReA
(0)
2

]

, (10)

where the (0) superscript indicates the isospin limit and the IB correction contains three effects:

Ωeff ≡ ΩIB −∆0 − f5/2 . (11)

f5/2 arises from rewriting ω in terms of the experimentally known ω+ ≡ ReA+
2 /ReA0. ∆0

includes all the IB corrections to A0 and ΩIB contains the ImA2 pieces that do not come from
electromagnetic penguins.

The main results of our analysis are displayed in Table 1, where the estimated values for the
IB parameters are shown at different levels of approximation. The hierarchy of the different
corrections agrees with the expectations. The dominant IB contribution comes from ΩIB, which
contains those corrections enhanced by 1/ω. Both the light-quark mass difference (corresponding
in the table to the α = 0 value) and those electromagnetic corrections that do not come from



α = 0 α 6= 0

LO NLO LO NLO

ΩIB 13.7 15.9 ± 8.2 19.5 ± 3.9 24.7 ± 7.8

∆0 −0.002 −0.49 ± 0.13 5.6 ± 0.9 5.6± 0.9

f5/2 0 0 0 8.2 +2.3
− 2.5

Ωeff 13.7 16.4 ± 8.3 13.9 ± 3.7 11.0 +9.0
− 8.8

Table 1. Isospin-violating corrections for ǫ′/ǫ in units of 10−2.

electromagnetic penguins induce corrections of approximately the same size. The IB corrections
to A0 are dominated by the electromagnetic contributions, which contain the chirally-enhanced
electroweak penguins.6 The relatively large value of f5/2 may be understood once again from the

numerically small ReA
(0)
2 , provided their IB terms do not present the same overall suppression.

The sum of the three contributions happens to be destructive, leading to our final value:

Ωeff = 0.110+0.090
−0.088 . (12)

Uncertainties have been estimated conservatively, taking into account the errors of the different
inputs (see Ref. [1] for details). The final one is dominated both by the uncertainty in the O(p4)
coupling L7 and by the systematic uncertainty arising from the ambiguity when fixing the chiral
scale νχ, which parametrizes our ignorance on 1/Nc corrections.

Taking into account the correlations, the associated SM prediction for ε′/ε [1, 31, 32] becomes

Re
(

ǫ′/ǫ
)

= (14 ± 5) · 10−4 , (13)

in good agreement with the experimental world average [46–54].
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