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Abstract: In this short review, I discuss basic qualitative characteristics of quantum non-Abelian
gauge dynamics in the non-stationary background of the expanding Universe in the framework of
the standard Einstein–Yang–Mills formulation. A brief outlook of existing studies of cosmological
Yang–Mills fields and their properties will be given. Quantum effects have a profound impact
on the gauge field-driven cosmological evolution. In particular, a dynamical formation of the
spatially-homogeneous and isotropic gauge field condensate may be responsible for both early and
late-time acceleration, as well as for dynamical compensation of non-perturbative quantum vacua
contributions to the ground state of the Universe. The main properties of such a condensate in the
effective QCD theory at the flat Friedmann–Lemaítre–Robertson–Walker (FLRW) background will
be discussed within and beyond perturbation theory. Finally, a phenomenologically consistent dark
energy can be induced dynamically as a remnant of the QCD vacua compensation arising from
leading-order graviton-mediated corrections to the QCD ground state.
Keywords: Einstein–Yang–Mills theory; classical Yang–Mills fields; dark energy; gauge-flation;
gluon condensate; effective Yang–Mills action
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1. Introduction
The cosmological constant (or, in general, dark energy (DE)) problem is one of the most
controversial and debatable naturalness problems in theoretical physics and cosmology nowadays.
It refers to an enigmatic (vacuum-like) anti-gravitating substance, which causes the Universe to
expand with acceleration typical for de-Sitter cosmologies (the late-time acceleration). The standard
cosmological model known as the cold dark matter (CDM) with the time-independent DE density is
called the Λ-term (or ΛCDM) and agrees well with the bulk of observational data, e.g., in studies of
the Type Ia supernovae [1,2], cosmic microwave background anisotropies [3–6], large-scale structure
[7,8], etc. The recent Planck data [9,10] have further supported the cosmological constant (CC)
hypothesis. While being so successful in observational cosmology, the physical nature of the Λ-term
with the vacuum equation of state consistent with phenomenology has not been theoretically well
understood yet and remains one of the major unsolved problems of theoretical physics [11,12] (for
recent reviews on this topic, see, e.g., [13,14] and the references therein). On the way of searching
for possible solutions of the DE problem, many various pathways were explored during the past few
decades typically referring to new exotic forms of matter. For a comprehensive review of existing
theoretical models and interpretations of the cosmological constant (or slowly-evolving DE), see,
e.g., [15–21] and the references therein. Given such a huge variety of DE models in the literature,
there is an apparent deficit of phenomenological data capable of robustly constraining the possible
time dependence of the DE density.
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While observers are comfortable with taking the Λ-term as an additional parameter, which
considerably improves the ΛCDM fits to the data, for theorists, the uniform positive and small
Λ-term raises plenty of issues and contradictions with the existing quantum field theory (QFT).
Many of the existing DE/CC models cannot provide a natural explanation, not only of why Λ is
small and positive (the “old” CC problem), but also why Λ is non-zeroth and exists at all (the
“new” CC problem). Clearly, a theoretically-consistent framework should address both problems
simultaneously. Ideally, such a framework should explain the smallness of the observed Λ-term,
either in terms of known fundamental constants or via a dynamical vacuum self-tuning mechanism.
Starting from a renormalizable field theory, one could simply fix an arbitrary Λ-term value at
an arbitrary energy scale. The basic problem, however, is to describe various quantum vacuum
(condensate) contributions to the ground state energy at macroscopic separations (IR limit), as well as
their renormalization group (RG) running without having a complete high-energy QFT (UV limit). Of
course, the latter would consistently unify all four different types of interactions in Nature, providing
a naturally small positive Λ-term, as well as containing a suitable candidate for the inflaton field.
However, certain aspects of the early/late time acceleration could be, in principle, addressed even
before such a theory has been developed. One of the compelling directions theorists take in order
to address the CC problem from the first principles is on the way towards a better understanding of
quantum dynamics of the ground state of the Universe and its evolution in time, as well as its possible
relation to the late time acceleration.
Various non-Abelian fields are commonly present in the Standard Model (SM) and its
high-energy extensions, playing an important role in both particle physics and cosmology, along
with scalar (e.g., Higgs) fields. For a detailed discussion of the various cosmological implications
of gauge fields, we refer to a vast literature on the subject, e.g., [22–29]. In particular, such a
strongly-coupled system as the Bose–Einstein condensate of gluons in quantum chromodynamics
(QCD) is responsible for spontaneous chiral symmetry breaking, as well as for the color confinement
(for a comprehensive review on the topological QCD vacuum, see, e.g., [30–34] and the references
therein). Does a physical mechanism or a dynamical principle exist within the conventional QFT and
particle physics framework that can be responsible for the late-time (DE/CC-driven) acceleration?
This review aims at the search for a comprehensive answer to this fundamental question within the
framework of strongly-coupled quantum Yang–Mills (YM) field theories with a non-trivial ground
state, such as QCD.
2. Vacuum Catastrophe
One typically introduces the CC into the classical action of the gravitational field, such that the
total action accounting for both gravity and matter fields (with spin less than two, e.g., scalar φ, spinor
ψ and vector Aµ fields), as well as their interactions with each other and with external gravitational
field gµν reads:
S=−

Z

d4 x

p

−g

R

+ Λ0 + Sm [φ, ψ, Aµ , gµν ] ,
2κ

Λ0 = const ,

(1)

−2
where κ = 8πG in terms of the gravitational constant G = MPL
and the Planck mass MPL = 1.2 · 1019
GeV. The resulting Einstein equations of motion for the macroscopic geometry:

1
Rµν − gµν R = κ (Λ0 gµν + Tµν ) ,
2

Tµν = − √

2 δSm
,
− g δgµν

(2)

should be accompanied by the respective equations of motion for the matter fields.
So far, the Λ0 -term is just an arbitrary constant parameter allowed by Lorentz invariance, whose
value and sign cannot be predicted within the classical field theory alone. This situation considerably
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changes in QFT possessing a non-trivial ground state, such that the averaged energy-momentum
tensor of all of the fields present in the Universe Tµν over the Heisenberg vacuum state:

h0| Tµν |0i = Λvac (µ) gµν ,

Λvac (µ) 6= 0

(3)

yields a non-trivial energy density of the quantum vacuum [35,36], which depends on the
renormalization scale µ and satisfies the vacuum equation of state:
pΛ = wΛvac ,

w = −1 .

(4)

The arbitrariness in the classical (or “bare”) contribution Λ0 is to be eliminated by a measurement at
a fixed scale µ = µ IR corresponding to the present Universe, i.e.,
Λcosm ≡ Λ0 + Λvac (µ IR ) .

(5)

In standard QFT, one often ignores the vacuum energy; it serves as a reference point, while one
is interested in microscopic properties, such as the masses and energies of the excitations about
the vacuum state. In general relativity (GR), however, the vacuum energy naturally gravitates (if
one adopts silently that gravitational iterations are fundamental) and, thus, affects the cosmological
evolution. Obviously, the quantum vacuum contributions cannot be eliminated independently at
every distinct energy scale by, e.g., a naive shift of the zeroth level of the vacuum energy. The ground
state of the Universe therefore accounts for the whole bulk of various contributions from existing
quantum fields at energy scales ranging from the quantum gravity (Planck) scale, MPL ∼ 1019
GeV, down to the QCD confinement scale, MQCD ∼ 1 GeV. These are the well-known maximal
and minimal energy scales of particle physics, respectively; the former determines the strength of
gravitational interactions, while the latter sets the characteristic time scale of the last QCD phase
transition at which the current ground state of the Universe has been created. An accurate analysis
of various contributions to the ground-state energy of the Universe accounting for typical zero-point
fluctuations of boson and fermion fields, as well as the non-trivial minimum of the classical Higgs
field has been done in [14,21].
In what follows, we distinguish between the weakly-coupled (perturbative) and
strongly-coupled (non-perturbative) vacua. In particle physics, among the well-known vacuum
subsystems of the standard model are the Higgs condensate (conventionally, weakly-coupled
classical subsystem), responsible for the spontaneous electroweak symmetry breaking in the
SM, and the quark-gluon condensate (strongly-coupled quantum subsystem), responsible for the
spontaneous chiral symmetry breaking and color confinement in QCD. By a very rough estimate, the
electroweak symmetry breaking scale provided by the vacuum expectation value of the Higgs field,
H ( x ) = h0| H |0i + h( x ), h0| H |0i ∼ 100 GeV, gives rise to the Higgs condensate contribution:
4
4
8
ΛEW
vac ∼ h0| H |0i ∼ 10 GeV .

(6)

The Higgs condensate is a classical homogeneous and isotropic component of the quantum Higgs
field H ( x ), which determines the mass scale of weak gauge bosons W ± and Z0 , as well as fermions
in the SM.
The ground state in QCD is determined by non-vanishing quantum condensates of strongly
interacting quarks and gluons typically referred to as the quark-gluon condensate. This vacuum
subsystem has unique properties and is responsible for the confined phase of quark matter. According
to one of the popular interpretations of the QCD vacuum, the topological (or instanton) modes of the
quark-gluon condensate are given by non-perturbative fluctuations of the gluon and sea (mostly,
light) quark fields induced in the processes of quantum tunneling of the gluon vacuum between

Universe 2016, 2, 4

4 of 24

topologically different classical states [30–34]. The topological contribution to the energy density of
the QCD vacuum can be derived from the well-known trace anomaly relation [37–39]:
µ,QCD

Tµ

=

β( gs2 ) a µν
Fµν Fa + ∑ mq q̄q ,
2
q=u,d,s

(7)

µ,QCD

where Tµ
is the trace of the energy-momentum tensor of QCD, gs and β( gs2 ) are the QCD coupling
a is the gluon field
constant and the β-function, respectively, mq are the light (sea) quark masses, and Fµν
µ,QCD

stress tensor in the standard normalization. The vacuum average of the trace h0| Tµ
ΛQCD
vac

|0i

αs a
9
1h
µν
¯ : |0i
h0| : Fµν
( x ) Fa ( x ) : |0i + h0| : mu ūu : |0i + h0| : md dd
32
π
4
i
g2
h0| : ms s̄s : |0i ' −(5 ± 1) × 10−3 GeV4 ,
αs = s ,
4π

= −
+

(8)

is composed of gluon and light sea u, d, s quark contributions. This is the saturated (maximal)
value of the topological contribution to the QCD vacuum energy density, while its physical
spacetime evolution, as well as other possible contributions to it, are not known yet, such that the
non-perturbative long-range YM dynamics remains poorly understood.
According to the observations, the CC density is positive and close to the critical density of the
Universe today,
3H02
Λcosm ' 0.7ρcrit ' 2.5 × 10−47 GeV4 > 0 ,
ρcrit ≡
.
(9)
κ
0.13
Provided that the DE equation of state constrained by the measurements w = −1.13+
−0.10 is consistent
with the pure vacuum case (5), the quantum vacuum is often considered to be a natural candidate for
the DE. However, comparing Equations (6) and (8) to Equation (9), one immediately notices a serious
problem: the quantum vacua contributions to the ground state energy of the Universe, despite that
they are very different from each other, individually exceed the observed CC value by many orders
of magnitude. One would need to tune the input “bare” Λ0 parameter to cancel the net vacuum
term Λvac to a degree of many tens of decimal digits in order to reach the observed smallness of the
CC, which is critical for, e.g., the structure formation in the Universe. Even if such a cancellation is
achieved at a given scale, quantum corrections will destroy it. This problem is often referred to as to
the “vacuum catastrophe”, the fundamental failure of quantum physics in describing the macroscopic
dynamics of the Universe as a whole, at least in its current formulation [14,21].
One of the possible resolutions of this problem relies on a mechanism of dynamical
compensation of short-distance vacuum fluctuations, in particular during the electroweak and
QCD phase transition epochs. In this scheme, no matter how the observed cosmological constant
is interpreted in the end, such huge quantum vacua contributions existing at short spacetime
separations must be first eliminated dynamically and separately at every distinct energy scale with
enormous precision [40] in order to avoid a major fine tuning of unknown vacua parameters. On
the other hand, such a vacua self-alignment effect, if it takes place, should be generic for both
weakly- and strongly-coupled vacua subsystems and, thus, may be regarded as a new physical
phenomenon [17,41–44], which emerges from yet unknown non-perturbative dynamics of the ground
state in QFT composed of many interacting components.
From this point of view, the current ground state of the Universe with a small finite and
positive Λ-term should be formed during a sequence of phase transitions at very early times
and reached today’s density soon after the last QCD phase transition. Possible mechanisms for
compensation of weakly-coupled perturbative contributions to the net vacuum energy density
of the Universe from vacuum fluctuations of fundamental fermions and bosons (e.g., zero-point
fluctuations, Higgs condensates in the SM and beyond, graviton condensate, etc.) typically refer
to high-scale supersymmetric grand unified theories, supergravity and superstring theories (see,
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e.g., [17,45,46] and the references therein). In most popular extensions of the SM yet consistent with
laboratory measurements, however, the supersymmetry is assumed to be explicitly broken, which
destroys the respective cancellation of the corresponding vacua. A true yet unknown high-scale
theory, such as quantum gravity, is normally expected to address this issue in a consistent way.
Given that the perturbative vacua can be eliminated (or excluded from consideration) by the
time the Universe reaches the QCD phase transition temperature TQCD ∼ 0.1 GeV, a cancellation of
the strongly-coupled non-perturbative quark-gluon condensate requires a dynamical understanding
of the QCD vacuum in the expanding Universe. Then, the observed cosmological constant can, in
principle, be associated with an uncompensated remnant formed soon after the chiral symmetry
breaking during the latest QCD phase transition epoch. In order to explore such a natural
possibility, one should study the dynamical properties of the spatially-homogeneous and isotropic
YM condensates in the expanding Universe at both classical and quantum levels.
An alternative way of avoiding the “vacuum catastrophe” was proposed recently in [47] and
refers to “sequestering” of all microscopic vacuum contributions of the matter sector (including
quantum corrections) from gravity, which is possible in the Universe finite in spacetime and
collapsing in the future. In a similar spirit, [48] exploits the promising idea about gravitation being
not a truly fundamental interaction, but rather a low energy effective interaction, such that gravitons
should be treated as quasiparticles, which do not “feel” all microscopic degrees of freedom up to
the Planck energy, but rather, interact with a few certain excitations only in the IR limit of a yet
unknown fundamental theory. In this case, one naturally expects a zeroth “renormalized” CC in a
Minkowski vacuum where the Einstein equations are automatically satisfied, while the observed DE
is naturally determined by the deviation from the Minkowski spacetime geometry (see, e.g., [48–51]).
The scale of such an effective theory of gravity emerges due to the conformal (trace) anomaly, which is
naturally present in QCD [37–39] providing a non-vanishing contribution to the vacuum energy [49]
(see also [14] and the references therein):

h Tµ i ∼ HΛ3QCD ∼ (10−3 eV)4 .
µ

(10)

The latter is remarkably close to the observed CC today. We will come back to this interesting
effect, which can also be seen within the philosophy of vacua compensation, at a more quantitative
level below.
The philosophy of effective gravity being not sensitive to microscopic quantum vacua
fluctuations above a certain energy scale, which may justify the late-time acceleration and the
observed smallness of the CC, however, may be questioned by an early-time acceleration mechanism
for which to work out the gravitational interactions should be able to “resolve” the quantum
fluctuations of the inflaton field at much higher energy scale than the modern CC. Needless to
remind, the scale-invariant perturbations spectrum is a specific prediction of the quasiclassical theory
describing interactions of the inflaton field and metric fluctuations at characteristic energies far
beyond the electroweak scale. Therefore, the effective gravity approach justifying the troublesome
“insensitivity” of gravity to microscopic vacua (such as the Higgs condensate) may have difficulties
in the interpretation of early-time acceleration. In one way or another, most of the existing analyses
of the observed DE simply ignore the huge microscopic vacua terms, although the non-perturbative
QCD ground state has a special status and should be treated carefully.
Now, we turn to a description of YM dynamics in cosmology and start with the classical case.
3. Yang–Mills Condensates in Cosmology
The gauge-invariant Lagrangian of the classical YM field in the SU ( N ) (N = 2, 3, . . . ) gauge
theory reads:
1 a µν
Fa ,
(11)
Lcl = − Fµν
4
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where:
a
Fµν
= ∂µ Aνa − ∂ν Aµa + gYM e abc Abµ Acν

is the YM stress tensor with isotopic (adjoint rep) a, b, c = 1, . . . , N 2 − 1 and Lorentz µ, ν = 0, 1, 2, 3
indices. Here, gYM is the gauge coupling constant. The corresponding generating functional of such
a theory is given by the Euclidean functional integral:
Z∝

Z

[ DA] e−Scl [ A]+

R

Jµa Aµa d4 x

,

Scl [ A] =

Z

Lcl d4 x ,

(12)

which is dominated by minima of the classical action Scl [ A], unaltered by quantum corrections. Such
a = 0, while finite gauge field excitations
minima correspond to the classical vacuum state with Fµν
about the classical vacuum are known as instantons [30–34].
For practical purposes, one typically employs the temporal (Hamilton) gauge in which the
asymptotic states of the S-matrix automatically contain the physical transverse modes only. The
corresponding gauge condition reads:
A0a = 0 .
(13)
In the SU (2) gauge theory, due the local isomorphism of the isotopic SU (2) gauge group and the
SO(3) group of spatial three-rotations, the unique (up to a rescaling) SU (2) YM configuration can be
parameterized in terms of a scalar time-dependent spatially-homogeneous field [52–54]. Introducing
a mixed space-isotopic orthonormal basis eia , a, i = 1, 2, 3 in the temporal gauge (13), such that the YM
field Aµa transforms into a tensor field Aik as follows:
eia Aka ≡ Aik ,

eia eka = δik ,

eia eib = δab .

(14)

Then, the resulting spacial tensor Aik can be separated into two parts:
eik (t, ~x ) ,
Aik (t, ~x ) = δik V (t) + A

eik (t, ~x )i =
hA

Z

eik (t, ~x ) = 0 ,
d3 x A

(15)

where the time-dependent function V (t) is identified with the isotropic and homogeneous classical
eik (t, ~x ) are the spatially-inhomogeneous YM wave modes. A homogeneous
YM condensate, and A
YM condensate can also be extracted in extended gauge theories (e.g., SU ( N )), whose gauge group
contains at least one SU (2) subgroup. In the QFT formulation, the YM wave modes are interpreted
as YM quanta (e.g., gluons), while V (t) contributes to the ground state of the theory, which is thus
nontrivial and has to be studied in detail.
The separation into spatially-homogeneous and -inhomogeneous components in Equation (15)
is analogical to the conventional QCD instanton theory where one performs a mapping of three-space
onto SU (2) subgroup elements of the color SU (3)c . Besides, the well-known ’t Hooft–Polyakov
monopole [55,56] is introduced by means of an antisymmetric matrix with mixed Lorentz-isotopic
indices in the Hamilton gauge, while the extracted YM condensate V = V (t) provides a symmetric
analogue of such a solution. In practice, there are not any physical arguments that could forbid
the existence of the homogeneous non-Abelian condensate with an isotropic energy-momentum
tensor [57] originating from unbroken SU ( N ) gauge symmetry at cosmological scales.
After a suitable covariant generalization of the classical YM action (12), the Einstein–Yang–Mills
(EYM) equations of the classical SU (2) theory read:
1
κ



1
1
1 ν a σλ
a
νλ
−F
F
+
δ
F
F
,
µλ a
2
− g gYM
4 µ σλ a
! µν
p
F
δ ab
abc c
√ ∂ν − g − e Aν √ b = 0 ,
−g
−g



1
Rνµ − δµν R
2



= √

(16)
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where:

Aµa ≡ gYM Aµa ,

a
a
Fµν
≡ gYM Fµν
= ∂µ Aνa − ∂ν Aµa + f abc Abµ Acν ,

U (t) ≡ gYM V (t) .

(17)

In the spatially-flat Friedmann–Lemaítre–Robertson–Walker (FLRW) conformal metric:
gµν = a2 (η ) diag(1, −1, −1, −1) ,

p

− g = a4 ( η ) ,

t=

Z

a(η )dη

eik (t, ~x )|, Equation (16) reduces to the equations
in zeroth order in small YM wave modes |U |  gYM | A
of motion for the YM condensate U = U (η ) and the cosmological expansion law a = a(η ):


3 a 02
3
02
4
U
+
U
,
=
2 a4
κ a4
2gYM

U 00 + 2U 3 = 0 ,

(18)

Its general solution corresponds to non-linear oscillations [43]:
U 02 + U 4 = C ,
U 0 (0) = 0 ,

Z U
U0

U0 = C

√

dx

U0 , C = const ,


6
U0 η .
A(η ) ' U0 cos
5

C − x4

→

= η,

(19)
(20)

Therefore, the classical YM condensate behaves as an ultra-relativistic medium with energy density
ε YM ∼ 1/a4 and equation of state pYM = ε YM /3 [22,57]. The YM condensates in SU ( N ) gauge
theories obey similar equations of motion, which may differ by a rescaling of the coupling constant
affecting the frequency of YM condensate oscillations only. In addition, the classical YM condensate
coupled exponentially to a scalar field (with an exponential potential) provides interesting solutions
for early-time acceleration thoroughly discussed in [58], while classical YM models of DE were
discussed in, e.g., [59–62] (for more details, see, e.g., [63]).
The semi-classical dynamics of the homogeneous SU (2) condensate with small (but non-zeroth)
YM wave modes has been thoroughly studied in Minkowski spacetime in [64]. The results reveal
the characteristic decay of the YM condensate, such that its energy gets effectively transferred from
the condensate to the YM wave modes heating up the ultra-relativistic YM plasma. In principle, this
effect can be relevant, for example, for a better understanding of the particle production mechanisms
in the cosmological plasma and could, potentially, force the inflationary stage driven by the YM
condensate to terminate. The additional spatially-inhomogeneous quantum-wave contributions to
the QCD vacuum can be associated with spatial averages of the higher dimensional operators, such
as h( Aµa )2 i, in the semi-classical treatment. Such averages describe the contribution of the hadron
modes to the ground state, particularly relevant after the QCD phase transition, and, thus, should be
incorporated into the analysis. The latter aspects, however, go beyond the considered classical limit
and should be explored in the effective YM theory at the quantum level.
The major role of quantum effects on the dynamics of the Born–Infeld (BI) field condensate
in cosmology similar to those in QCD has been discussed in [65]. Namely, it was shown that the
quantum corrections leading to a non-zeroth trace of the energy-momentum tensor of the BI field
affect the long-range behavior of the BI condensate introducing time-dependent corrections to the
energy and pressure of the BI field, thereby altering its equation of state away from that of a classical
radiation fluid. This motivates a deeper study of quantum effects on the dynamics of the ground state
in YM theories.
4. Yang–Mills Effective Action
As was demonstrated in [66], the classical YM equations of motion following from the classical
action (11) are form non-invariant with respect to infinitesimally small quantum fluctuations breaking
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the conformal invariance of the gauge theory. The latter effect is known as a conformal anomaly,
which has notable consequences in cosmology. Indeed, any infinitesimal external field affects the
classical YM vacuum by modifying the initial operator (non-linear) YM equations, since there is not
any physical threshold for the vacuum polarization of a massless quantum YM field by its classical
component. That results in the well-known fact that the solutions of the YM equations are unstable
w.r.t radiative corrections and cannot be used in physical applications. In practice, we work with the
so-called Savvidy vacuum fluctuations and look for their spatially-homogeneous modes. In order
to construct the realistic EYM equations describing YM condensate dynamics in a non-stationary
background of the expanding Universe, one must consistently incorporate, at least, the lowest-order
corrections from the vacuum polarization in the effective YM Lagrangian.
Consider the generic approach, which leads to the YM energy-momentum tensor incorporating
conformal anomalies. According to this approach, when applying the variational procedure in the
derivation of the YM equations, the gauge coupling gYM is treated as an operator depending on the
quantum fields’ operators. The gauge field operator Aµa is then considered as a variational variable,
which together with the corresponding stress tensor operator is related to those in the standard
normalization as in Equation (17). The effective action and Lagrangian operators of the quantum
gauge theory are given in terms of the gauge-invariant operator of the least dimension J, which plays
the role of an order parameter for the YM condensate (a combination of magnetic ~B and electric ~E
field contributions) by [66–68]:
Seff [A] =

Z

Leff d4 x ,

Leff = −

J
2 ( J)
4gYM

respectively, whose variation w.r.t Aµa leads
gauge theory:
1
a
T̂µν,YM = 2
−Fµσ
F aνσ +
gYM

,

a
J = F 2 ≡ Fµν
F a = 2( B2 − E2 ) ,
µν

(21)

to the operator energy-momentum tensor of the
2 )
1 ν a ρσ β( gYM
a
δµ Fρσ F a +
Fµσ
F aνσ
4
2

!
,

(22)

providing the usual form of the trace anomaly relation:
µ,YM

T̂µ

=

2 )
β( gYM
J,
2
2gYM

2
2
( J) .
= gYM
gYM

(23)

The gauge coupling dependence on J is determined by the RG evolution equation in the following
operator form:
dg2
2
2
2J YM = gYM
β( gYM
),
(24)
dJ
2 ) is the standard β-function. Note, the RG Equation (24) is symmetric with respect
where β = β( gYM
to J ↔ − J; thus, its solution is determined by the absolute value of the YM invariant operator, i.e.:
2
2
gYM
= gYM
(| J |) .

(25)

which has important consequences on stability of the ground-state YM solutions in Minkowski
spacetime. On should therefore consider the effective action (21) as a classical model [67], which
possesses well-known properties of the full quantum theory, such as (i) local gauge invariance (ii)
RG evolution and asymptotic freedom, (iii) correct quantum vacuum configurations and (iv) trace
anomaly. These provide a sufficient motivation and physics interest in cosmological aspects of
considering the model effective.
The Perturbation Theory can be applied to the effective action in the limit of large mean fields,
i.e., | J | → ∞, away from the classical ground state. To the one-loop approximation, the solution of the
RG Equation (24) reads:
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2
β( gYM
)=−

2
bgYM
,
16π 2

2
gYM
=

32π 2
b ln(| J |/λ4 )

,

(26)

where λ is the scale parameter and b is the one-loop β-function coefficient (e.g., in pure SU (3)
gauge theory b = 11). Substituting this solution into the effective Lagrangian (21) and performing a
straightforward covariant generalization for a curved background with metric gµν (g ≡ det( gµν )), we
obtain finally [69]:
a F µν
 | J| 
Fµν
bJ
a
1−loop
Leff
=−
ln
,
J= √
,
(27)
−g
128π 2
(ξλ)4
where free parameter ξ reflects an arbitrariness in the multiplicative normalization of the invariant J.
Both parameters ξ and λ are not fixed by the theory, but can be determined from phenomenology
in realistic gauge theories, such as QCD, where λ ≡ ΛQCD ' 280 MeV. The effective action
(27) or rather its non-perturbative generalization (see below) can then be considered as a classical
model incorporating important features of the full quantum model and providing the correct
description of the quantum vacuum [67]. In what follows, we apply classical methods to study its
physically-relevant configurations.
In asymptotically free gauge theories like QCD, the quantum vacuum configurations are
controlled by the strong coupling regime. Performing an analysis in Euclidean spacetime, in [67],
it was shown that the vacuum value of the gauge invariant h J i in a strongly-coupled quantum gauge
theory does not vanish as it does in the classical gauge theory, and the corresponding functional
integral is not dominated by the minima of the classical action (12). Moreover, it was shown that there
are no instanton solutions to the effective action (21), such that the ground state of the quantum YM
theory does not contain the classical instanton configurations. Instead, the quantum vacuum within
the effective action (21) approach can be understood as a state with ferromagnetic properties, which
undergoes the spontaneous magnetization, providing a consistent description of the non-perturbative
QCD vacuum. Thus, the quantum effects drastically affect the properties of the ground state in YM
theories, which may have profound consequences in cosmology.
5. Cosmological Evolution of the Yang–Mills Ground State
The condensation of YM fields has been first considered as a source of the cosmic inflation
in [70] in the framework of the RG-improved effective action (21). For | J |  (ξλ)4 , one reaches the
asymptotically-free regime where the one-loop approximated effective model (27) can be considered
to be reliable. In this limit, the EYM equations exhibit a radiation-dominated solution a(t) ∝ t1/2 ,
pYM = eYM /3, which is characteristic for the classical YM behavior considered above. The effective
Lagrangian (27) attains the minimum at | J0 | = const corresponding to the de-Sitter solution a(t) ∝
exp( Ht), with the vacuum equation of state pYM = −eYM , which can be applied in the context
of early-time acceleration (provided that a new strongly-coupled high-scale dynamics does exist in
Nature). The de-Sitter (vacuum) solution appears to be stable with respect to small perturbations of
the scale factor and the YM condensate for J0 < 0, which are exponentially decaying with time. These
ideas have been further applied for the current cosmic acceleration, as a source of DE, in the one-loop
effective model (27) in [71], while the main aspects of first-order cosmological perturbation theory
with the YM condensate have been discussed in [72]. The corresponding one-loop solution has been
further analyzed in [43] and employed for the possible compensation of the non-perturbative QCD
vacuum contribution (8). Let us discuss the key features of this model in more detail.
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5.1. Exact Solutions of the One-Loop Effective Model
Assuming that the perturbative vacua are already eliminated at the typical time scale of the QCD
transition, the EYM equations of motion for the effective QCD theory (27) without taking into account
the gluon field interactions with usual matter can be written as follows:
1
κ




a F αβ |
e|Fαβ
a
b
1 ν a σλ
1
1 ν a σλ
a
νλ
√
=
−F
F
+
δ
F
F
δ
F
F
ln
−
,
√
a
µ
a
µ
a
µλ
σλ
σλ
4
32π 2 − g
− g (ξλ)4 4


!
µν
a F αβ |
e|Fαβ
p
a
δ ab
abc c  Fb
 = 0,
√ ∂ν − g − f Aν
√
ln √
−g
−g
− g (ξλ)4


Rνµ

1
− δµν R
2



(28)

where e is the base of the natural logarithm. In the FLRW Universe, the equations (28) for the
homogeneous SU (3) gluon condensate U = U (η ) and the expansion law a = a(η ) straightforwardly
transform to:
3b h 0 2 1 4 i
6 a00
=
(U ) − U ,
κ a3
4
16π 2 a4
6e (U 0 )2 − 14 U 4  1 3
6e (U 0 )2 − 41 U 4
∂  0
+
U ln
= 0.
U
ln
∂η
2
a4 (ξλ)4
a4 (ξλ)4

(29)

The first integral of this system reads:
6e (U 0 )2 − 14 U 4
3b h 0 2 1 4 i
1 
3 ( a 0 )2
=
(U ) + U ln
+ (U 0 ) 2 − U 4 ,
4
2
4
4
4
κ a
4
4
64π a
a (ξλ)

(30)

which yields two exact partial solutions satisfying:


6e (U 0 )2 − 14 U 4
= ±1 .
Q(η ) ≡
a4 (ξλ)4

(31)

providing contributions to the CC:
ΛQCD
=±
±

3b (ξΛQCD )4
.
6e
64π 2

(32)

in the QCD case corresponding to chromoelectric (E2 > B2 ) and chromomagnetic (E2 < B2 )
condensates, respectively [70]. Indeed, these are special solutions for which the quantum and classical
traceless parts of the YM energy-momentum tensor are mutually canceled.
In fact, the exact solutions (31) are the special attractor (or tracker) solutions for the general
solution of the EYM system (30) (see, e.g., [71]). Indeed, a close consideration demonstrates that
irrespective of the initial value of the function Q̃(t) ≡ Q(η (t)) at some initial moment in physical
time t = t0 , the YM system approaches the state given by one of the two exact solutions (31), i.e.:
Q̃(t0 ) > 0 ,

Q̃(t)|t→∞ → +1 ,

(33)

Q̃(t0 ) < 0 ,

Q̃(t)|t→∞ → −1 .

(34)

It is tempting to identify the negative-energy solution ΛQCD
with the phenomenologically known
−
value of the negative-valued quantum-topological contribution (8):
ΛQCD
≡ ΛQCD
vac
−

→

ξ ' 4,

(35)

which fixes the arbitrary normalization factor ξ of the invariant J. On the other hand, notice that
spatially-homogeneous and topological subsystems of the QCD vacuum have an entirely different
nature and cannot be treated on the same footing. For both the general and partial solutions, the
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amplitude of the gluon condensate U (t) oscillates with quasiperiodic singularities in physical time,
whereas its energy density and pressure remain continuous. This is in variance to the continuous
classical YM solution (20).
5.2. QCD Vacuum Compensation
The asymptotic regimes (33) and (34) are reached after a number of oscillations of the gluon
condensate density and pressure, and such a transition is accompanied by a decelerating expansion
of the Universe (filled by the gluon condensate only). The characteristic (relaxation) time scale for
such a transition reads:
trel ' q

1
κe0QCD

,

e0QCD ≡ eQCD (t = t0 )  Λcosm ,

(36)

where the observed Λcosm is given by Equation (9), and e0QCD > 0 is the initial energy of the YM
condensate. Hypothetically, both subsystems with positively- (electric) and negatively- (magnetic)
definite energy could have been generated at the QCD phase transition epoch and then asymptotically
(at t  trel ) approach their constant values ΛQCD
and ΛQCD
= −ΛQCD
+
−
+ , respectively. If both
types of the YM condensate really co-exist in the QCD vacuum, they would provide an automatic
compensation of the net QCD vacuum energy in the IR limit without any fine-tuning. Such a
compensation can be viewed as a manifestation of the QCD confinement, since there are practically
no non-zeroth gluon fields propagating at the length scales larger than the typical hadron scale
∼ 1 fm, and they certainly disappear at macroscopically large cosmological scales typical for the
modern Universe.
A similar idea about the heterogenic structure of the QCD vacuum containing different
co-existing vacuum subsystems at the ΛQCD scale, which may eliminate each other under certain
conditions, was discussed in [44]. In particular, besides the collective quark-gluon excitations of
a topological nature, the QCD ground state should contain long-range quantum-wave excitations
of lightest bound states (hadrons), such that both subsystems overlap and potentially compensate
each other in the IR limit of the theory. Indeed, the contribution from the collective quantum-wave
fluctuations to the net QCD vacuum energy as estimated phenomenologically is [30,31]:
evac(h)

1
=
32π 2

2∑

(2JB + 1)m4B ln

B

µ
µ
− ∑(2JM + 1)m4M ln
mB
mM
M

!
,

(37)

where µ is a upper momentum cut-off parameter and JB and J M (m B and m M ) are the spins (masses)
of lightest baryon and meson degrees of freedom, respectively. Taking into account only metastable
hadronic degrees of freedom—the baryon octet B = { N, Λ, Σ, Ξ} and the pseudoscalar nonet M =
{π, K, η, η 0 }—one obtains the desired result, namely,
ΛQCD
vac + evac(h) = 0 ,

µ ' 1.2 GeV ,

(38)

i.e., topological and wave fluctuations contribute to the QCD vacuum energy with opposite signs
and may, in principle, compensate each other, which, however, requires a significant fine-tuning.
Therefore, the exact compensation of the QCD vacuum may be a universal phenomenon, which
is present in various treatments of the QCD vacuum. The picture with the apparent asymptotic
cancellation of chromoelectric and chromomagnetic vacuum components discussed above, if realized
in Nature, may have profound advantages compared to the phenomenological models due to an
attractor nature of the corresponding solutions and the absence of any fine tuning.
In fact, exact compensation of energies of the vacuum components does not mean that the sum of
their quantum fluctuations, which may have very different spacetime dynamics, is identically equal
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to zero. The complete (unordered) two-point function in the QCD vacuum can then be represented
as a superposition of two parts:

h0|

αs a
αs
αs
Fik ( x ) Faik ( x 0 )|0i ≡ h0| Fika ( x ) Faik ( x 0 )|0i(+) + h0| Fika ( x ) Faik ( x 0 )|0i(−) ,
π
π
π

(39)

where + and − refer to the contributions (33) and (34), respectively, which are represented:
αs a
F ( x ) Faik ( x 0 )|0i(+) = h0|
π ik
αs
h0| Fika ( x ) Faik ( x 0 )|0i(−) = h0|
π

h0|

αs a
F (0) Faik (0) : |0i D(+) ( x − x 0 ) ,
π ik
αs
: Fika (0) Faik (0) : |0i D(−) ( x − x 0 ) ,
π
:

in terms of the experimentally-measured local condensate [30,31],

h0| :

αs a
F (0) Faik (0) : |0i = (1.7 ± 0.4) × 10−2 GeV4 ,
π ik

(40)

and correlation functions D(±) ( x ) satisfying D(±) (0) = 1. The latter should be constrained by
non-perturbative methods, e.g., lattice QCD or by means of effective field theory methods. Finally,
the complete non-local condensate can be written as:
αs
αs a
F ( x ) Faik ( x 0 )|0i = h0| : Fika (0) Faik (0) : |0i D ( x − x 0 ) ,
π ik
π
D ( x − x 0 ) ≡ D(+) ( x − x 0 ) − D(−) ( x − x 0 ) ,
D (0) = 0 .

h0|

(41)

Below, we make use of this important relation in the calculation of the gravitational correction to the
ground state energy in QCD.
5.3. Asymptotic Behavior of the QCD Vacuum Energy
As long as such an asymptotic regime is achieved, the macroscopic evolution of the Universe
reduces to the standard (slow) Friedmann evolution driven only by a small observed residue Λcosm ,
as well as by all other (non-DE) forms of matter with density emat , i.e.:
3 ( a 0 )2
= emat + Λcosm ,
κ a4

(42)

and the rapid microscopic evolution of the gluon condensate U = U (η ) at the characteristic QCD
time scale:

(ξΛQCD )4
1
(U 0 ) 2 − U 4 = a 4
,
4
6e

(43)

practically decoupled from the slow macroscopic Universe expansion. In the limit t  trel , the
positive- and negative-valued components of the gluon condensate evolve as:
Z U
e
e0
U

1/4

dx
q

1 4
4x

±1

= ηe ,

e = U (6e)
U
,
ξΛQCD

ηe = η

ξΛQCD
,
(6e)1/4

ξ ' 4,

(44)

respectively. As was shown in [43], the cosmological evolution of the gluon field in its ground state
can be interpreted as a regular sequence of quantum tunneling transitions through the “time barriers”
represented by the regular singularities in the quantum vacuum solution of the effective model (27).
Such a behavior is analogical to that of the Dirac monopole where a singularity in the four-potential
emerges along the Dirac string while the magnetic flux is finite. The position of the Dirac string
depends on the gauge choice. Similarly, the positions of the singularities in the U (t) amplitude
depend on the gauge choice and correspond to the regular minima of the oscillating trace of the
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energy-momentum tensor. A key difference is that in the case of magnetic monopole, the singularity
appears along spatial directions, while in the case of the classical YM condensate, its potential is
singular at discrete points in time.
At the intermediate time scale corresponding to the modern Universe,
trel  t ∼ √

1
κΛcosm

(45)

the exact compensation between the two components of the gluon condensate may not be reached
yet. Therefore, let us assume that the DE is not a cosmological constant and that it is entirely given
by a time-dependent uncompensated (positive) contribution from the gluon condensate, such that:
QCD
QCD
δe(t) ≡ e(+)
(t) + e(−)
(t) > 0 ,

QCD
δe(t)  e(±)
(t) ,

(46)

such that the exact compensation condition δe(t) → 0 is satisfied for t → ∞. Besides, assume for
simplicity that in the modern Universe, the negative-valued (magnetic) component is much closer to
its asymptotic state (34):
QCD
∆e(±) ≡ |e(±)
(t) − ΛQCD
± |,

∆e(+)  ∆e(−) ,

(47)

then the positive (electric) one is such that the sum of the two contributions is positive today, as
required by observations, and in the past. In this case, the DE component is almost entirely dominated
by the electric component (minus its asymptotic value ΛQCD
+ ). Then, a straightforward asymptotic
analysis of the general solution of Equation (29) uncovers that at the time scale corresponding to the
modern Universe (45), the cosmological expansion, as well as the net gluon condensate density and
pressure evolve with time as:
a(t) ' a∗

 3κeQCD 1/3
0

4

t2/3 ,

δe(t) '

4
,
3κt2

1
pQCD (t) = − δe(t) χ(t) ,
3

(48)

where χ(t) is an auxiliary function satisfying a non-linear differential equation:
χ̇4 =

8
(ξΛQCD )4 (1 − χ2 )3 .
3

(49)

−1
This function rapidly oscillates about zero with period τ ∼ ΛQCD
and with unit amplitude. The
equation of state for the gluon condensate averaged over many microscopic oscillations of pressure
in the modern Universe t = tU :

h pQCD (tU )i = 0 ,

w=

h pQCD (tU )i
=0
δe(tU )

(50)

corresponding to the case of dust-type matter and, therefore, does not provide a candidate for a
traditional vacuum-like CC in the standard cosmological model, in variance to [73]. Note, the
energy-density δe(t) of such a matter does not depend on initial conditions, and today it amounts to:
δe(tU ) '

4
' 1.8 × 10−47 GeV4 ,
2
3κtU

(51)

which is not far from the measured value (9), although it does not immediately fit the observations,
and it is not entirely clear if this result poses a big problem or yet another DE candidate for modern
cosmology. Note, in [74,75], in a generic approach based on the extended Einstein–Hilbert variational
principle, the observed Λcosm is promoted to a “field”. Such a procedure leads to a consistent estimate
Λcosm ∼ 1/t2 provided that the modified variational approach is indistinguishable from GR with a
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CC having a value 1/t2 at the moment of observations t similarly to Equation (51), although the
equation of state is argued to be of a CC/vacuum type.
Of course, the presence of the gluon condensate in the early Universe is unavoidable, and its
long-range implications have to be studied with special care. In particular, the dynamics of quantum
waves yet remain to be incorporated, and an additional effect of parametric resonance causing the
condensate to decay into particles [64] should be studied in the effective action approach. Such a
possibility for the condensate decay would, in principle, reduce or even eliminate the naive estimate
(51), as well as it could affect the equation of state (50). Besides, the simple toy-model above does not
account for the higher-order perturbative and non-perturbative QCD effects, as well as additional
possible contributions to the DE/CC of a different nature. These big open questions offer a large
space for further explorations.
5.4. Towards Non-Perturbative QCD
An improved perturbative analysis of the DE for the effective YM action at two- and three-loop
levels has been performed in [76] and [77], respectively (see also [73]). Remarkably, the perturbative
quantum corrections do not spoil the attractor nature of the DE solutions, and the theory retains
its asymptotic properties and stability. However, for the exact solutions of the EYM systems (33) and
(34), the perturbative expansion for the β-function apparently breaks down, which naturally raises an
important question about the validity of straightforward extrapolations of the perturbative effective
theory results into the deeply non-perturbative domain (this issue has also been discussed in [67]).
In order to address this issue, it is critical to extend the above analysis beyond the perturbative
fixed-order approximation and to check if the observed asymptotic character of the theory with
analogical CC solutions is preserved there or not.
This analysis has been performed recently in the context of the effective non-perturbative
YM condensate DE in [78]. Using non-perturbative techniques of the functional renormalization
group [79], it was shown that the effective Lagrangian (21) has a minimum in the order parameter
J, which provides the existence of the attractor CC solutions analogical to Equations (33) and (34)
and can reproduce the DE behavior of the expanding Universe as small redshifts (with and without
interactions with external matter fields). It turns out that the generic non-perturbative effective
QCD theory inherits properties similar to the fixed-order perturbative models. Namely, in the
asymptotically-free regime in the early Universe, the non-perturbative gluon condensate behaves
as a radiation medium with w = 1/3 consistent with the classical YM evolution, while at later time
scales (depending on initial conditions), the condensate falls into the critical state with w = −1 being
an attractor for a general solution, as was seen in the one-loop toy-model discussed above.
For illustration, consider the energy momentum tensor of the gluon condensate without
imposing any perturbative constraints on the β-function (see also [67]):
i F a F aνλ
h
J
1
µλ
2
) 2 √
+ δµν 2 ,
Tµν,YM = − 1 − β( gYM
2
gYM − g
4gYM
2
2 (| J |) and J is given in covariant form in Equation (27). The all-order YM equation
where gYM
= gYM
of motion then reads:
!"
#
µν

p

Fb
1
δ ab
abc c
2
√ ∂ν − g − f Aν
1 − β gYM
= 0.
(52)
2 √− g
−g
2
gYM

This equation has a simple manifestly non-perturbative solution:

2
β gYM
(| J |) = 2 ,

(53)
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which should be realized asymptotically in the IR limit, in the case of QCD, soon after the Universe
temperature drops below the QCD transition temperature TQCD ∼ 0.1 GeV.
In practice, we do not know the form of the non-perturbative β-function. The solution (53)
either fixes the invariant J to its constant initial value J0 = J (t = t0 ) or, alternatively, indicates that
the non-perturbative β-function is constant and does not depend on the invariant J and, hence, on
2
gYM
in the strong coupling regime. In both cases, the solution (53) is a non-perturbative analog
of the exact solution (31), since it eliminates the quantum and classical traceless parts of the YM
energy-momentum tensor (52).
As a particularly simple example, consider the case of running invariant J and constant
non-perturbative β = 2. Physically, the latter possibility would correspond to the saturated form
2 ), which approaches two at large coupling g
of the function β = β( gYM
YM > 1 where the attractor
solution is concerned. Then, the energy-density of the YM condensate and the non-perturbative RG
equation read:
eYM =

J
2 (| J |)
4gYM

,

2
d ln gYM
= 1,
d ln(| J |/λ4 )

(54)

implying that:
2
gYM
(| J |) = g02

J
> 0,
J0

2
(| J0 |) ,
g02 ≡ gYM

J0 = J (t = 0) .

(55)

Therefore, the YM condensate again emerges as a CC in the IR limit of the effective theory:
Tµν,YM = ΛYM δµν ,

ΛYM ≡ ±

| J0 |
,
4g02

(56)

whose sign is determined by the sign of the invariant J. Exactly the same solutions emerge in the
case of a varying β-function and a fixed J0 value for which the effective Lagrangian (21) is minimal.
Apparently, these solutions are qualitatively the same as the one-loop attractor solutions (33) and (34),
and the precise form of the non-perturbative β-function was not relevant to justify that. Remarkably,
a precise value of the J0 and g02 parameters is not relevant as long as the asymptotic value ΛYM is
subtracted, since the resulting energy density of the gluon condensate contribution to the modern DE
(51) does not depend on initial conditions. One should further investigate the equation of state and
time dependence of the resulting DE density in the non-perturbative case in order to make a final
conclusion about the stability of the results of the one-loop effective model (48).
6. The Role of Gravity: Zeldovich–Sakharov Scenario
Within the traditional QFT-based approaches, there are promising attempts to address the
smallness of the observable Λ-term density value by interpreting it as a quantum gravity correction
to the ground state energy, i.e., by treating the positive DE density as a small, but non-vanishing effect
of gravitating non-perturbative vacuum fluctuations in the expanding Universe.
Long ago, Zeldovich had pointed out in [80] that the Λ-term density gets contributions
from graviton-exchange interactions between virtual elementary particles in the physical vacuum
providing Λcosm ∼ Gm6 , where m is some characteristic mass of light particles. Sakharov has
also noticed in [35,36] that extra terms describing an effect of graviton exchanges between identical
particles (e.g., bosons in the ground state) should appear in the right-hand side of Einstein equations
averaged over their quantum ensemble. Even before the modern CC value has become known, in [81],
the Zeldovich relation has been represented through the basic fundamental constants, the minimal
(typical hadron scale) and maximal (Planck mass) fundamental scales as follows:
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Λcosm =

m6π
' 3.0 × 10−47 GeV4 ,
2
(2π )4 MPl

(57)

where mπ ' 138 MeV is the pion mass. It is worth noticing that the representation (57) turns out to be
numerically close to the observed CC value (9), a rather interesting coincidence, which has triggered
further studies in the literature (for a more detailed review on this topic, see [14]).
Along these lines, a recent approach of [82] is based on a generic “q-theory” operating with a
conserved microscopic q value, whose statics and dynamics are studied at the macroscopic scales.
Such a quantity can, in principle, be identified with the gluon condensate in QCD, which naturally
gravitates, resulting in a nonzero DE value in the non-equilibrium state of the expanding Universe
2 . A similar estimate was explained in [48] within the effective
estimated as Λcosm ∝ Λ6QCD /MPL
gravity coupled to the QCD sector via the trace anomaly.
Another approach of [83] considers the dynamics of the ghost fields in the low energy
(chiral) QCD and its dynamical effects in a spacetime with a non-trivial topological structure. In
particular, the Veneziano ghost [84], which is unphysical in the standard Minkowski QFT, results
in a non-vanishing physical effect in the expanding Universe parametrized by a deviation from the
Minkowski vacuum, in a similar way to the Casimir energy:
∆evac ≡ eFLRW − eMink ,

(58)

which appears to be naturally small and depends on the properties of the external gravitational
background only [48–51] (for a detailed pedagogical discussion, see [14]). The presence of two distinct
fundamental scales emerges as a direct consequence of the auxiliary conditions on the physical Hilbert
space that are required by the unitarity condition of an underlined quantum theory. Remarkably,
the Veneziano ghost effect emerges as a positive contribution to the vacuum energy density with a
time-dependent equation of state, which can be considered as a source of DE.
Very recently, many features of the early-time acceleration were explained within a
strongly-coupled QCD-like theory (denoted as QCD) in terms of an auxiliary topological field
in [85–87]. Indeed, the de-Sitter phase can be dynamically initiated in the expanding Universe by
a topological (auxiliary) non-propagating field, which does not possess a canonical kinetic term
in analogy to the topologically-ordered phases in condensed matter systems. As a characteristic
postulate in this approach, the vacuum energy in the FLRW Universe is expected to behave linearly
with the Hubble parameter, i.e.:
3
+ h.o. ,
∆evac = H ΛQCD

H'

κ 3
Λ
 ΛQCD ,
3 QCD

(59)

in full consistency with the Zeldovich relation, where ΛQCD is the energy scale of the QCD-like
theory. The above postulate has been confronted with observational data in, e.g., [88–96], showing
the consistency of the linear scaling with available data, in tension with [97], claiming that no critical
point associated with matter dominance is found in the physical phase space of the model. Anyway,
the scaling (59) is in variance to the conventionally accepted scaling behavior ∆evac ∼ H 2 based
on the principles of locality and general covariance [98,99] due to the fact that in strongly-coupled
field theories, the locality is violated, at least in the Minkowski background. The topological
vacuum energy in QCD has a non-dispersive nature and cannot be understood in terms of any local
propagating degrees of freedom. Similar arguments can be applied for understanding the QCD origin
of DE at the late-time acceleration epoch [100]. Such promising developments of the inflaton and DE
interpretations in strongly-coupled gauge theories clearly provide a strong motivation for further
investigations in this direction.
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7. Graviton-Exchange Correction to the QCD Ground State: A Pedagogical Outlook
In order to illustrate the rigorous procedure of the QCD-induced CC computation in the
conventional QFT framework, consider semiclassical gravity coupled to the quantum fluctuations
in the non-perturbative QCD vacuum [44]. The metric operator ĝµν contains the c-number part
gµν , the macroscopic space-time metric in which all the covariant derivatives and lowering/raising
index operations are defined (in this section, we adopt the standard GR notations, e.g., the covariant
differentiation w.r.t. x µ is denoted by a semicolon, while an ordinary derivative by a comma, etc.),
and operator part Φνµ , the quantum graviton field satisfying [101,102]:

h0|Φνµ |0i = 0 ,

(60)

where the averaging is performed over the Heisenberg state vector |0i.
action reads:
Z
1p
− ĝ ĝµν R̂µν + LQCD ,
S = Ld4 x ,
L=−
2κ

The corresponding
(61)

where R̂µν are the curvature operator and LQCD is the properly generalized Lagrangian density
of QCD. Varying w.r.t. the macroscopic metric (or graviton field) leads to the standard operator
equations of motion of semiclassical gravity. Then, averaging over the Heisenberg state vector, one
finally arrives at the Einstein equations for gµν :
1
κ



1
Rνµ − δµν R
2



= h0| T̂µν |0i ,

(62)

and the equations for the graviton field:


ρ
ρ
ρ
ν;ρ
ρ;ν
ν;ρ
σ;ρ
ψµ;ρ − ψµ;ρ − ψρ;µ + δµν ψρ;σ + ψµ Rνρ + ψρν Rµ − δµν Rσρ ψσ = 2κ T̂µν − h0| T̂µν |0i .
Here,

(63)

1
ψµν = Φνµ − δµν Φ ,
2

and the total operator of the energy-momentum tensor:
T̂µν

=

T̂µν(G)


1 ν σ
+
δρ δµ + gνσ gµρ
2

 1/2
ĝ
QCD
ĝρτ T̂τσ
g

(64)

accounting for the graviton field contribution:


1
1
ρ
ρ
ρ
ψσ;µ ψρσ;ν − ψ;µ ψ;ν − ψµ;σ ψρσ;ν − ψρν;σ ψσ;µ
4κ
2


1 ν
1
ρ
ρ
− δµ ψσ;γ ψρσ;γ − ψ;γ ψ;γ − 2ψγ;σ ψρσ;γ
8κ
2

 
1  ρ ν;γ
ρ;γ
νρ
γ ρ ;σ
γ
γ;ν ρ
ν
ψγρ + δµν ψσ ψγ
−
2ψγ ψµ − ψγν ψµ − ψµ ψ ;γ + ψµ ψγ + ψγ;µ
4κ
;ρ


1
ρ
ρ
γ ρ
γ
−
ψµσ ψγ Rνρ + ψγν ψρ Rµ − δµν ψρ ψγσ Rσ + O(ψ3 ) ,
4κ
T̂µν(G) =

(65)

QCD
and the effective operator energy-momentum tensor of QCD T̂ρσ
. The latter takes the form of
Equation (22) for pure gluodynamics with a trace anomaly, which is sufficient for illustration purposes
here. Introducing a characteristic scale of non-perturbative QCD fluctuations in terms of the effective
2
2
correlation length of condensate fluctuations L−
g ' (1.5 GeV) as follows:

ln

1
L−
e h0| J |0i
g
→
4
ln
,
ΛQCD
(ξλ)4
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and keeping the average of the trace anomaly only, one arrives at the following approximated
expression for the QCD energy-momentum tensor in the Minkowski background:


1
L−
1 ν a σρ
b
αs a σρ
bαs
g
ν,QCD
a νρ
(66)
− Fµρ Fa + δµ Fσρ Fa
ln
− δµν h0| Fσρ
Fa |0i .
Tµ
'
2π
4
ΛQCD
32
π
with the gluon field equations of motion in the form:
Dνab Fb = 0 ,

Dνab = δ ab ∂ν − gs f abc Acν .

µν

These expressions should then be generalized to an operator covariant form.
Equation (67) reads:


p
abc c
b
ab ∂
− gs f Âν
− ĝ ĝµρ ĝνσ F̂ρσ
= 0.
δ
∂x ν

(67)
For example,
(68)

Next, let us estimate the contribution of graviton-exchange interactions to the QCD ground state
energy accounting for the first-order (linear) non-vanishing terms in gravitational constant G, such as
O(αs G ) terms to the one-loop QCD approximation. Due to a smallness of the typical QCD space-time
scales compared to the cosmological scales in the modern Universe, the induced quantum fluctuations
of the metric should be considered at the Minkowski background. Then, the trace of the macroscopic
Einstein equations (62):
QCD
R + 4κ eΛ
=0
gives rise to the QCD-induced correction to the Λ-term density:
QCD
eΛ
=−

αs
b
h0|
32
π

 1/2
1
ĝ
a a
ĝµρ ĝνσ F̂µν
F̂ρσ |0i + h0| T̂(G) |0i ,
g
4

(69)

where the last term contains the QCD-induced graviton component. Applying the gluon and graviton
field Equations (68) and (63) accounting for the QCD and graviton energy-momentum tensors (66)
and (65), respectively, it is straightforward to show that the resulting contribution to the Λ-term
density takes a remarkably simple form convenient for phenomenological analysis [44]:
QCD
eΛ



1
L−
b
αs a νρ
1 µ
g
µ
= − ln
h0| Fµρ Fa ψν − δν ψ |0i ,
16 eΛQCD
π
4

(70)

where the graviton field induced by non-perturbative QCD vacuum fluctuations is to be found as a
solution of the corresponding equation of motion:
ν, ρ
ψµ, ρ

ρ, ν
− ψµ, ρ

ν, ρ
− ψρ, µ

σ, ρ
+ δµν ψρ, σ

καs b
=
π



a νρ
− Fµρ
Fa


1
L−
1 ν a σρ
g
+ δµ Fσρ Fa
ln
.
4
ΛQCD

(71)

ν
The latter is most conveniently performed in the Fock gauge ψµ;
ν = 0 (for more details, see [44]).
Finally, applying the compensation condition for the correlation functions (41), one arrives at the
following expression consistent with the Zeldovich relation and, hence, with the linear scaling (59):

QCD
eΛ

αs a µν
' −πG h0| : Fµν
Fa : |0i2 ×
π

 2
1
1 Z
L−
L−
b
g
g
ln
ln
d4 yG(y) D2 (y) '
8
eΛQCD
ΛQCD

' ∆ (1 ± 0.5) × 10−41 GeV4 ,

(72)
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a F
where h0| : απs Fµν
a : |0i is the phenomenologically-constrained (local) gluon condensate (40) and ∆
is the positively-definite dimensionless parameter:
µν

1
∆=− 2
Lg

Z

d4 yG(y) D2 (y) > 0 ,

(73)

defined in Euclidean four-space in terms of the correlation function D = D ( x ) (41) and the Green
function G = G( x ) satisfying the Green equation G,, ll = −δ( x − x 0 ). The parameter ∆ is thus
determined by unknown dynamics of the non-perturbative QCD vacuum in Minkowski spacetime
and should to be established, e.g., in effective field theory approaches or in lattice QCD. Note, the
inclusion of non-perturbative light quark fluctuations effectively changes the one-loop β-function
coefficient only and, thus, does not strongly affect the overall estimate (72). Note, the result (72) is
based on the standard approach to weak semiclassical gravity and effective low-energy QCD with
the trace anomaly and does not incorporate any strong physical assumptions or ideas beyond the
standard QFT.
Unfortunately, one cannot provide an accurate estimate for the ∆ parameter at the current level of
theoretical understanding of the non-perturbative QCD vacuum. Individually, the terms D(−) ( x − x 0 )
and D(+) ( x − x 0 ) in the complete correlation function D ( x − x 0 ) lead to ∆ ∼ 1. However, their
difference may provide a small, but non-zeroth ∆, due to a shift in scales triggered by the chiral
symmetry breaking in low energy QCD. In terms of small current quark mu , md , ms masses as
naturally small QCD parameters responsible for the chiral symmetry breaking, an induced mismatch
between the characteristic scales of D(−) and D(+) fluctuations:
1/L+ ∼ 1/L− ∼ 1/L g ,

|1/L+ − 1/L− | ∼ mu + md + ms ∼ 0.1 GeV

leads to an order-of-magnitude estimate:
∆ = k·

(mu + md + ms )2 L2g
> 0,
(2π )4

k ∼ 1,

QCD
eΛ
∼ Λcosm ∼ 10−47 GeV4 .

(74)

Therefore, this naive, but phenomenologically-motivated estimate provides the value for the
QCD-induced Λ-term density of the same order of magnitude as the observed CC value (9) with
the correct sign. The above simple illustration independently validates the fact elaborated in [85–87]
that in a strongly-coupled field theory, such as QCD, the principle of locality is violated, leading to an
unexpected linear dependence of the topological DE density on the Hubble scale, in consistency with
Zeldovich scaling relation and the observed CC. The above approach, however, misses important, but
yet inaccessible information on the real-time dynamics of the QCD vacuum, which prevents a more
rigorous analysis of the dynamics of the QCD-induced DE in the expanding Universe.
8. Summary
Yet, there is no common consensus in the theory community on what the resolution for the CC
problem should be. In this short review, I provided a quick outlook of the most promising DE/CC
interpretations and theoretical developments that can be found within conventional QFT and particle
physics concerning, in particular, YM theories with a non-trivial ground state.
Remarkably, the quantum effects strongly affect the dynamics of the gluon condensate at
cosmological times, switching it from a relativistic matter pYM = ε YM /3 in the pure classical case
(see Section 3) to either vacuum-type CC (without subtraction (46) imposed) or to a dust-type
matter. This is due to the fact that the equations of motion are unstable w.r.t. quantum fluctuations,
substantially affecting the ground state properties, even at cosmologically large time scales via the
conformal anomaly.
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In many studies throughout the literature, it has been shown that strongly-coupled gauge
theories, such as QCD, have all of the features required to describe the basic characteristics of
both the late (DE) and early (inflation) time acceleration epochs in the Universe’s evolution. These
features are studied within two distinct approaches based on specific properties of the topological
non-perturbative QCD vacuum:
(i) The gluon condensate in the expanding Universe has two components contributing to
the QCD ground state with opposite signs which asymptotically (in the IR limit of the theory)
reach attractor states with energy densities exactly eliminating each other at t → ∞. The net
QCD-induced DE component can then be understood as an uncompensated positive remnant of such
a gross cancellation.
(ii) Alternatively, the energy density of the gluon condensate in the Minkowski background
should be subtracted from that in the FLRW background of the expanded Universe, leading to a
non-zeroth remnant, which is identified with the observed CC Λcosm . As a characteristic prediction
of the non-local topological QCD vacuum evolution in the expanding Universe, the CC in this
(de-Sitter) case is expected to scale linearly with the Hubble parameter in consistency with the
2 . A similar result naturally comes out in the
Zeldovich scaling relation Λcosm ∝ Λ6QCD /MPL
framework of quasiclassical gravity where the Λ-term emerges as a leading-order gravitational
correction to the QCD ground-state energy density induced by the graviton-exchange interactions
in the QCD vacuum.
Both approaches rely on an elimination of the microscopic (in particular, QCD) vacua
contributions to the ground state energy of the Universe, either dynamically or by a
phenomenologically reasonable subtraction condition. Clearly, there is a long way to go towards a
complete dynamical understanding of the DE, as well as the dynamical properties of the topological
vacuum in strongly-coupled (QCD-like) field theories. However, one could share a careful optimism
that a link between those has now been established, which certainly requires further deeper studies.
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