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Prologue

The secrets eternal neither you know nor I

And answers to the riddle neither you know nor I
Behind the veil there is much talk about us, why
When the wveil falls, neither you remain nor I

Omar Khayyam (1048-1151)

Quantum Chromo Dynamics (QCD) is the theory behind the strong interac-
tions or the strong force. These interactions occur among quarks and gluons.
Quarks and gluons play the same role as electrons and photons in electromag-
netism respectively. Nevertheless, the strong interactions exhibit a richer and
exquisite tapestry of involvement and nonlinearity. This stems from the fact
that the Non-Abelian gauge symmetry of QCD allows self interaction of glu-
ons whereas there is no such interaction in electromagnetism which is governed
by an Abelian gauge symmetry. Two or even three phenomena in QCD are
rather stunning. Asymptotic freedom and confinement are the first two and
we may also contemplate taking the spontaneous symmetry breaking as promi-
nent a phenomenon as the first two. These extremely interesting phenomena
stand out of the other properties of QCD, those which may be regarded as the
byproduct of the most fundamental ones. Asymptotic freedom was discovered
almost thirty years ago by David Gross, Frank Wilczek and David Politzer who
received the Nobel prize in physics in 2004 for this discovery. Asymptotically
free theories are weakly interacting theories at very high energy. In principle,
this type of theories are easier to deal with at high energies. In the other ex-
treme, by which I mean at very low energies, the strong interactions become
really strong and this may be the reason behind the yet-to-be-understood con-
finement phenomenon. Confinement prevents quarks and gluons from being
observed as free entities. At very high energy, jet production alludes to the ex-
istence of free quarks and gluons. The focus in this thesis is going to be on the
low energy hadronic physics. Lattice QCD is the brute force method of numer-
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ical computations of the unknowns of QCD in this energy domain where the
standard perturbative technology stops working. Lattice results, however, need
at the end to be extrapolated to the continuum. This may be accomplished by
means of effective field theories. Effective field theories are of course useful also
on their own. Among them, is Chiral Perturbation Theory (ChPT) which is
known to be a good low energy theory of QCD. But is the fact that an effective
field theory can be a plausible representative of the original theory up to a
given mass scale trivial? I leave out the answer and only quote the following
conjectured theorem by Weinberg: If one writes down the most general possible
Lagrangian, including all terms consistent with assumed symmetry principle,
and then calculates matriz elements with this Lagrangian to any given order
of perturbation theory, the result will simply be the most general possible S-
matriz consistent with analyticity, perturbative unitarity, cluster decomposition
and assumed symmetry principle. ChPT, like other effective field theories, has
more unknown constants than the underlying theory. In fact to all orders the
number is finite. All these can not be determined from experimental data which
are available to us. Invoking other theoretical approaches, like resonance chi-
ral perturbation theory, for approximate estimates of the unknown low-energy
constants has been practiced systematically. However, estimates with more
precision are required for ChPT to be adequate for precision physics research.
To circumvent the problem of having many unknown parameters in the effective
Lagrangian the method of dispersion analysis is considered. The application of
the dispersion relation analysis has a long history in particle physics. It works
based on the fundamental axioms of quantum mechanics such as analyticity
and unitarity of the S-matrix. It turns out that scattering amplitudes can be
calculated by only knowing the imaginary part of the amplitude. To make the
integration over the imaginary part converge it is necessary to do subtractions.
The emerging subtraction constants can be fixed by matching the dispersive
result to the result obtained from ChPT. One example of such a calculation is
that of the eta decay to three pions. We have confronted this known result by
doing higher order calculation in ChPT for this process. We also performed a
similar higher order calculation for certain Kaon decays. I give an introduction
to the area and to the papers followed then by the papers.



Introduction

1.1 Quantum Field Theory

In the realm where relativistic effects become important, the one-particle for-
malism of quantum mechanics falls apart. The famous relation m = E/c?
indicates that energy can be converted to matter and matter can be converted
to energy. This then requires a multi-particle formalism at high energy where
particle creation and annihilation is possible. On the other hand, the Heisen-
berg uncertainty principle allows the violation of energy conservation according
to the relation AFE - At & h. This implies the importance of the virtual particle
contributions when we perform higher order corrections in perturbation theo-
ries.

We already know that field theory provides the solution. We may begin
with the classical field theory of a single real scalar field ¢(x). The field ¢(x)
is a continuous function defined in all points in space-time and will play the
role of dynamical variable. In a local field theory the action can be written as
the integration of the Lagrangian density, denoted by £, over four-dimensional
space-time

S = /£(¢, Oup)die. (1.1)
Applying the least action principle we find the Euler-Lagrange equation of
motion
oL oL
ol =—=——)—-—= = 0o 1.2
(o0.5) ~ % 2

As a simple example we take the Klein-Gordon Lagrangian which is a relativis-
tic field theory for a scalar particle

%(3@)2 - %m2¢2. (1.3)

we obtain for the equation of motion (EOM)
(00, +m?) p(z) = O. (1.4)

L =
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The conjugate momentum p for a discrete system is defined in classical me-
chanics as p = %7 for each dynamical degree of freedom . This may be
generalized to a relativistic continuous system where we define the momentum
density conjugate as

I(z) = (?'C . (1.5)
9¢(x)
To promote the classical fields to quantum fields we exploit the standard canon-
ical commutation relations to quantize the classical fields. To this end, we pro-
mote both ¢(z) and II(z) to operators that satisfy the equal time commutation
relations

[¢(x),I(y)] = i0°(x—y),
[p(x),¢(y)] = [I(x),I(y)] =0. (1.6)

The field quantization procedure can be carried out by treating the fields as
harmonic oscillators. As an analogy, we take the harmonic oscillator with
frequency w, = /p? + m? and EOM as in Eq. (1.4) and we will expand ¢(x)
and II(x) in terms of operators in such a way to fulfill the commutation relations
given above.

T

3
o(x) = / (;lwl;g \/;7,,(% exp(ip-x) + a), exp(—ip.x)),

3 w
Ix) = /(372;3 - i\/?(ap exp(ip.x) — a;f, exp(—ip.x)). (1.7)

This in turn requires the commutation relation

lap,al] = (2r)6%(p - p). (L8)

where a;f, and a, are familiar ladder operators. In fact, the operator at (a)
creates (annihilates) an excitation or particle (antiparticle) with momentum
p and energy w, = /(p? +m?2). We can then define the one particle state
by operating a' on the ground state or vacuum as |p) = \/2Epa2\0> where
E, = w,. We are now ready to reach an interpretation for the state ¢(x)|0).
First we find that

010 = [ oP L expl-ipx)ip 19

'Y = —— —— exp(—ip.x)|p). .
(2m)3 2B, CPVTPRIP

We therefore conclude that operator valued function ¢(x), acting on the vac-

uum gives rise to a linear superposition of one-particle states with well-defined

momenta, at position x.
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One important question is what does the propagator look like in relativistic
quantum field theory? In quantum field theory we compute observables which
are defined as various type of correlation functions. The most basic type of
these functions is the two-point correlation function. Two-point correlation
function of a non-interacting theory gives the propagation of the free particle
corresponding to the field content of the theory. Let us assume that a particle
is created at point (g, x) in space-time and then propagates until it gets anni-
hilated at point (yo,y). It is evident that two fields are needed here to act on
the vacuum. One field to create a particle and the second field to annihilate the
excited state back to vacuum again. We define the propagator amplitude for a
scalar free particle which propagates between point y and point x, as follows

Dp(z—y) = (0|T¢(z)d(y)|0)
0(z° —y°) (0]¢(x) ¢(y)[0) + O(y° — 2°) (0l(y) B()[0) -
(1.10)

Where 6 is the Heaviside function. T stands for time-ordering and this is
for putting the creation and annihilation time in order, depending on which
direction the propagation occurs. It turns out that Dp(z — y) is the Green
function of the Klein-Gordon operator which is defined in Eq. (1.4). We then
find

b B d'p i ‘ L1
rlr—y) = /(27r)4 P ——— exp (—ip.(x —y)).  (1.11)
The propagator above is given in the Feynman prescription. This prescription
is pretty useful for the following reason. The momentum integral has two poles
at p¥ = +(E, — te). If we perform the integral over p°® by closing the contour
below, the amplitude corresponds to a particle that propagates from y to x.
If we close the contour above, the amplitude corresponds to a particle that
propagates from = to y. We end this section at this point and for extensive
discussion refer the reader to the books[1, 2].

1.2 Why do we do loop calculations?

To answer this question let us see what constraint unitarity imposes on the
non-trivial part of the S matrix. We define S = 1+ 47. The unitarity of the
S-matrix implies the following relation for the non-trivial part of the S-matrix,
namely T-matrix,

ST =1 = T = —i(T-T"). (1.12)

We may consider a generic scattering process in which the initial state |i,in)
makes transition into the final state | f, out). The matrix element for this pro-
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cess is
(fIT)i) = (27T)454(pf —pi) T (1.13)

Here we have brought out the part which corresponds to the momentum-energy
conservation in the process. Let us now calculate the matrix element of the
operator given in Eq. (1.12) and at the same time insert all the possible inter-
mediate states between initial and final states, we then obtain

(1T = (AT =iy (fITT ) (nlT1i) . (1.14)

We write the relation above in terms of matrix elements 7; ¢ defined in Eq. (1.13)
and obtain

Tri— T = iy (2m)** (pn — i) T i (1.15)

For a special case of forward scattering where |f) = i) we obtain a simpler
identity

2ImT;; = > (2m)*6* (pn — pi) | Toil*. (1.16)

n

This identity has a very interesting consequence. Hereafter we suppress the
subscripts in 7f;. A non-zero value for the imaginary part of the scattering
amplitude requires a branch cut singularity. Let us show how it is possible.
For the center of mass energy s below the leading threshold energy s;n, the
scattering amplitude is a real function of variable s, because here there is not
enough energy accessible for the intermediate particles to go on-shell. Accord-
ing to the Schwarz reflection principle if, 7 (s) is analytic in a connected region
which includes part of the real axis and 7 (s) is real-valued on this part of the
real axis, then

T(s*) = T*(s). (1.17)

This function can analytically be continued to complex values of s. For a
complex value s very close to the the threshold and s > s, Eq. (1.17) gives
the following identity

ReT (s —ie) +iImT (s —ie) = ReT(s+ie) —ilmT (s +ie). (1.18)
This identity implies

ReT (s —ie) = ReT(s+ ie)
ImT (s —ie) = —ImT(s— ie). (1.19)
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The preceding relations reflect the fact that branch cut singularity always ap-
pears when the scattering amplitude develops an imaginary part. Now we
show that this type of singularities also appear in an effective field theory like
chiral perturbation theory only beyond tree level. We will show in the later
sections that at tree level the scattering amplitude is a real function. There-
fore it is only at one-loop level and beyond, that the scattering amplitude can
be a complex-valued function. We proved above that having the branch cut
singularity is equivalent to having the complex-valued scattering amplitude for
some s > S;. So the task is to demonstrate how Feynman diagram may have
discontinuity across the real axis for s > sy,. The method of computing the
discontinuity of the Feynman diagrams is given by a set of rules which referred
to as cutting rules. For a simple case of one-loop Feynman diagram with two
propagators, one computes a Feynman momentum integral by replacing each
of the propagators by a delta function and it can be seen that a discontinu-
ity will arise in a region of momentum integration where two delta functions
are simultaneously satisfied. This indeed occurs when two propagators go si-
multaneously on-shell. Therefore, it is only when loop diagrams are included
unitarity can be satisfied for the S-matrix in perturbative calculations.

1.3 Goldstone’s Theorem

We begin this section by giving a general proof of the Goldstone’s theorem
for the case of scalar quantum field theory. We consider the Lagrangian £
containing a set of elementary scalar fields ®; with ¢ = 1,..., N and assume
that the theory is invariant under the symmetry group G.

1
L= 300"~ V(®; - ®,). (1.20)

We will show in the following lines that the spontaneous breakdown of the global
symmetry G of the action, generated by charges %, implies the existence of
poles at p> = 0 in the Green functions, and consequently will give rise to
the appearance of massless bosons in the physical spectrum. For spontaneous
symmetry breaking to occur, a non-vanishing vacuum expectation value for
some of the fields ®; is sufficient

0]®;0) = wv; #0. (1.21)

The transformation property of the fields ®; under the symmetry group G is
considered as

o — 0, = B —iba TP, (1.22)

Where, T are the matrix representations of the generators Q% in the N-
dimensional space of ®;. On the other hand, there exist another way to look



8 Introduction

on the transformation of the scalar fields as
D, > P, = exp(ia®Q?)®; exp(—ia®Q%) ~ ®; + ia®[Q%, ®;]. (1.23)

Comparing Eq. (1.22) and Eq. (1.23), leads us to obtain a useful commutation
relation between the generators Q* and fields ®;

[Qa, (I)Z (X7 t)] = —T;;‘PJ (X7 t). (124)
Now we start out the derivation by considering the two-point Green function
Gpi(e—y) = (0T T}(2)Pi(y)[0) , (1.25)

in which the current J corresponds to the generator Q@ of the symmetry
group G. The reason we chose this particular Green function will become clear
in later steps. The Green function satisfies a Ward identity by differentiating
Eq. (1.25) with respect to z. We assume the current conservation 0*J,(z) = 0,

O"Gli(e —y) = 0"0(zo — yo) (01T;(x)i(y)]0)
+0"0(yo — w0) (0| (y)J; (2)]0)
= 0(z0 = yo) (0] [J5 (2)@i(y)] |0) - (1.26)

We may slightly alter our commutation relation given in Eq. (1.24) to be used
in the above Ward identity. We therefore get the relation below if we identify
J§ with generators Q® of the group G

5 (x. 1), iy, )] = —T5®;(x,)8(x —y). (1.27)

One then obtains the following Ward identity by taking into account the trans-
lational invariance of the vacuum and fields

PG —y) = —8(x—y)T3 (012;(0)[0). (1.28)

i

Let us define C:% (p) as the Fourier transformation of G%(x — y). It is now

ne
pretty straightforward to achieve the interesting relation
ip"Gii(p) = Tf(019;(0)]0). (1.29)

We can now readily conclude that in case (0|®;(0)|0) does not vanish for some
of the fields, the preceding equation implies that the Green function must
develop a singularity at p?> = 0. From Lorentz invariance it requires Gzi (p) to
be proportional to p* and therefore it can be expressed as

Colp) = i (0/;(0)10) 52

et (1.30)
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The second part of the proof is to demonstrate that the pole in the Green
function is consistent with the existence of a massless boson in the physical
spectrum. To this end, we define in the following a matrix element involving
the particle state |7?(p)) associated with the field ®; which has mass m;

(O] Jg (@)l (p)) = ifi'pu exp(—ip.x). (1.31)

By the use of the LSZ reduction formula we are able to relate the matrix
element to the Green function in a way given below

(0]J2(2)| (p)) = —iexp(—ip.x)pzlir?n?ézi(p)(pQ7m?). (1.32)

By comparing Eq. (1.31) and Eq. (1.32) we arrive at the identity

fipw = — lim GL(p)(p® —m}). (1.33)

Now if C;’Zl(p) is one of the Green functions which has a pole at p?> = 0, to
get a finite value for the LHS of the Eq. (1.33), it needs to have m; = 0 and
therefore f{ # 0 and we can now find a relation which links the constant f{
to the vacuum expectation value. Let us replace G,;(p) by its value given in
Eq. (1.30) and take the limit p?> — 0, we then find

fi = i(01®;(0)[0) T3 (1.34)
In other words, corresponding to each broken generator which does not leave
the vacuum invariant i.e. (0[®;(0)[0) T} # 0 there exist a massless boson.

1.4 QCD Lagrangian and its Symmetries

Quantum Chromo dynamics or QCD is a non-Abelian gauge theory with gauge
group SU(3). coupled to quarks in the fundamental representation. The QCD
Lagrangian reads

1 . .
Locp = —ZGZVG’ZV + Z driv" Dyugr + 4riv" Dougr,
q=u,d,..

*(‘jRMqQL + ‘jLMqQR) + e (135)

Where gg and qp are the right-handed and left-handed components of the
quark fields respectively. The ellipsis stands for the sum of the ghost term, the
gauge-fixing terms and the 6-term. The gauge field strength tensor is given as

G = 9,G8 — 0,G% + gfanc GHGS, (1.36)
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Where fupe are the structure constants of the group SU(3).. The covariant
derivative associated with the gauge transformation is

D, = 8, — igGate. (1.37)

Ignoring the mass term and the #-term (which is a minute quantity: gcp <
1072 ) in the Lagrangian give rise to a rather big symmetry group for the
action. We write down as, assuming the three flavor of quarks for our case,
Gocp = SU(3)c xU(3)r x U(3)r, plus discrete symmetries: Parity (P), charge
conjugation (C) and time reversal (T). More extensive discussions are provided
in [3]. Now, let us break up the chiral symmetry group of the action into its
simple subgroups. It then reads SU(3)gr x SU(3)r x U(1)4 x U(1)y. The
global U(1)y subgroup corresponds to the conservation of the baryon number.
The subgroup U(1)4, however, is broken at the loop level. The subgroup
which is thus more relevant to our work is the global SU(3)r x SU(3)r chiral
symmetry plus discrete symmetries. The QCD Lagrangian in the massless limit
is then invariant under independent left-handed and right-handed quark field
transformations

qr — exp(—iagr-A) qr qr. — exp(—iar - \) qr, (1.38)

Where A* (a =1,2,...,8) are the SU(3) Gell-Mann matrices.

In general the symmetry of the action is not necessarily the one which is
manifested in nature and this actually happens in QCD due to the strong inter-
actions. This may happen via a well-known phenomenon namely, spontaneous
symmetry breaking. Besides the gauge symmetry which is exact, the flavor chi-
ral symmetry is not realized in nature. The absence of parity-doubling among
low-lying hadronic excitations supports the postulation of the dynamical sym-
metry breaking of the strong Lagrangian. We therefore consider the following
spontaneous chiral symmetry breaking (SCSB) pattern *

G=SUB)RxSUB) xU1)y 2P H=SU@)y xUQ1)y.  (1.39)
The particle spectrum consists of multiplets of the subgroup H which leaves the
vacuum invariant. The octet of pseudo-Goldstone bosons (7%, 70, K+ K% K° )
are then one of these multiplets and the only massless particles in the chiral
limit. In reality quarks have masses and this accounts for the small mass of
the pseudo-scalar mesons. To address this issue we may split the Lagrangian
into two parts as follows

Locp = Lo+ Ly, L1 = mytu + mgdd + msss, (1.40)

Tt should be noted that the symmetry SU(3)r, x SU(3)g is also broken by the anomaly.
This anomaly is associated with the coupling of quarks to photons. This “non-strong” effect
is incorporated in the effective Wess-Zumino-Witten action[4, 5].
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Where, Ly is invariant under chiral group G = SU(3)r x SU(3) g and £, breaks
the chiral symmetry explicitly but is a small perturbation provided that the
quark masses are much smaller than A, (the mass scale in which the SCSB
occurs).

In the next sections I shall focus on the properties of the pseudo-scalar
mesons and their dynamics within the framework of effective field theory.

1.5 Effective Field Theory

To study the properties of the strong interactions at low energy the under-
lying theory (QCD) proved to be difficult. In fact at low energy we observe
bound states as mesons and baryons which we consider as dynamical variables.
Pseudo-scalar mesons are the lightest particles in the physical spectrum. So it
is our main task to find an effective field theory for QCD which captures the
symmetry property of the original theory and contains the Goldstone mesons.
In the following I shall discuss first the linear sigma model as an illustrating ex-
ample and then Chiral Perturbation Theory as a promising low energy theory
for QCD.

1.5.1 Sigma-model and Non-linear Effective Action

It is instructive to start with linear sigma model and its effective field theory.
We consider, for the linear sigma model the Lagrangian

L= 5060457 — u(G- 5 a). (L.41)
The vector field d_;: (¢1,- -+, ¢n) is a N-component real scalar field. The global
transformation of the vector field (5 under the N-dimensional rotation group
G = O(N) leaves the Lagrangian invariant. It can be seen from the potential
term in the Lagrangian that there is a non-zero vacuum expectation value for
a set of fields that satisfy ¢g? = 3 + -+ + ¢% = a®. This puts a non-linear
constraint on the field configurations which give rise to the ground state of the
theory. In fact there are infinite number of field transformations that satisfy
the said relation. Now we assume that one of the ground states is picked up
via a dynamical mechanism. In other words, the symmetry of the Lagrangian
is spontaneously broken to the subgroup H = O(N — 1). According to the
Goldstone theorem this theory contains N — 1 massless Goldstone bosons, de-
noted by 7%, where N — 1 is equal to the broken generators. The Goldstone
fields are thus the coordinates of the coset space O(N)/O(N — 1). Each orien-
tation on the N — 1 dimensional sphere corresponds to a new set of Goldstone
fields. We may consider one simple field configuration for the vacuum to be
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cz_;o = (0,---,a). The vector field 5 can be expanded around gz% and we write
it in terms of the pion fields and massive field o assuming that o < a. It is
convenient to write ¢ in the exponential representation form as

" = (a+o)exp(ill/a) ¢oT Ja, Tl = Z N, (1.42)

Where \e(i = 1,--- , N — 1) denote the matrix representation for the broken
generators. Let us now put ¢ in the Lagrangian and do the algebra, we obtain

Lo, 1) = %@Laa“a + %(a + 0)20,IIO"I1 — p(o? + 2a0)?, (1.43)

Where one reads for the mass of the heavy field, m, = +/8ua, and the pions
are massless. In the limit of vanishing sigma field, the Lagrangian in Eq. (1.43)
is called nonlinear sigma model because of the non-linear relation ¢? = a2
imposed on the fields. Assuming that at very low energies the o particle is
absent we may then integrate out the sigma field and find an effective action
where, only the pion fields are kept dynamically active. To this end one may

employ the path integral procedure to remove the heavy field o

exp(iZesp(Il) = ff[[(;z]] ZI;((Z&;ZZ((ZE)) )) ~ (1.44)

However, to reach our aim it suffices to do an approximation where we
ignore the o self-interaction terms and complete the square in o field to get the
Lagrangian in a form

Lo, 1) = L)+ L' (o,10),
£ = %cﬁa“na#n,
L(o, 1) = —30(82 +m2)o + acd, 10T + %8(0.80). (1.45)

The total derivative term will drop out when we calculate the action. The first

term in the Lagrangian £(o,II), contains only the pion fields and is the leading

term in the effective action we are going to find. The o field in the £'(o,II),

should be integrated out and we carry out the procedure by changing the heavy

field to 0/ = 0 — K~ 'J, where, K = 92 + m?2 and J = a0, J10"11. We will get
1

/c’(o—, Md'z = -5 /d4x[(a ~K')K(o—-K'J)—JK J]

1
—§/d4aﬁ(a'[(0' — JK™L). (1.46)
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Figure 1.1: (a) shown is the tree level Feynman diagram for the ¢ — 7 in-
teraction, (b) The local effective vertex of the 77 interaction after o field is
integrated out.

Feynman propagator D is defined as (02 + m2)Dp(z —y) = —6*(z —y). This
implies that K~'J(z) = — [d*yDp(z — y)J(y). To perform the path integral
in Eq. (1.44), the integral measure will change to [do’]. Since the path integral
spans over all the values of o the field at each point of space-time we have
[do’] = [do].
[ldo")exp(i [ d*xL' (0", ]))

[ldo]exp(i [ d*zL(0,0))
[ldo’] exp(%i fd4:c(a'KU’ —JKL)))

B THoTexp [ doKo) . (a7

exp(iZefs(J))

and finally we obtain

exp(iZesr(J))

exp (;/d4x(JK1J>

exp (—; / / d*zd*yJ(z)Dp(x —y)J(y)> . (1.48)

We can now find the next-to-leading term of the effective action. Since the
heavy particles propagate only up to short distances at low energy it is possible
to Taylor expand J(y) around x as J(y) = J(z) + (y — x) - 0J (y) y=s + - - - With
the first term dominating. The second term is of higher order in momentum
which goes beyond the order we are interested in. We then only keep the first
term and will obtain the local effective action as

Zepr(J) = —%//d%d‘*yuf(x)DF(x—y)J(y)

—2;2 /d4:1:J(1:)J(:z:) o (1.49)

%

Where we have used the approximation Dp(z — y) = —# for momentum
p?> <« m?2. The interesting observation here is the fact that the effect of the

o
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heavy particle o is nicely decoupled and only appears as an overall constant
in the generating functional Z.ys. Now the effective action is sum of the
Eq. (1.49) resulting from integrating out the o term and the leading term
given in Eq. (1.45)

1
2m2

Lepp = %aQaﬂHaﬂH— (0, IIOMTT)? + - - -, (1.50)

where ellipses denote the terms arising from propagation of the o particle
at higher orders of the inverse powers of m,. The effective Lagrangian in
Eq. (1.50), exhibits a weakly interacting theory for the pions, with no interac-
tion at p? = 0. That is because there are derivative interaction terms in the
Lagrangian only. Fig. (1.1) depicts two tree level Feynman diagrams: when
the heavy field is still active in the theory and when this field is integrated
out based on the assumption that p?/m?2 < 1. Sigma model as well as non-
linear Sigma model are discussed in many quantum field theory books and also
particle physics books for which we refer to [1, 3]

1.5.2 Lowest Order Effective Lagrangian with Global Fla-
vor Symmetry

Constructing an effective field theory (EFT) for QCD by integrating out the
heavy degrees of freedom is not workable. At low energy one has to deal with
an entirely different set of degrees of freedom, namely baryons and mesons,
whereas quarks and gluons are the variables present in the QCD Lagrangian.?
However, an inspection in the hadron spectrum indicates a mass gap such that
the pseudo-scalar octet is sequestered from the rest of the hadrons. Here we
say that there is a separation of mass scale. This together with the constraints
from the Goldstone property of the pseudo-scalar mesons lead us to build an
EFT containing pseudo-Goldstone mesons.

Let us assume the SCSB pattern given in Eq. (1.39) where symmetry
group G = SU(3)r x SU(3)r is dynamically broken to a diagonal subgroup
H = SU(3)y. We take symmetry group G with ng = 16 generators and group
H with ng = 8 generators. Goldstone’s theorem then requires massless particle
in the spectrum, as many as the number of broken generators. This implies the
number of Goldstone particles Nop = ng — ng. The eight Goldstone fields,
denoted by ¢'(x)(i = 1,...,8), are the coordinates in the coset space G/H and
describe the local orientation of the vacuum for small deviation of the standard

2We remind the reader however, of the Lagrangian of the extended Nambu and Jona-
Lasinio model where the gluons are integrated out and the resulting effective action is ex-
panded in terms of local quark field operators.
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vacuum say that with ¢%(x) = 0. 3 In order to find the chiral transformation
property of the Goldstone fields we chose a matrix representative of the fields
as &(¢) = (€L(9),Er(9)) € G, where L and R are the SU(3)r and SU(3)g
transformation respectively. The £, r may be considered in the CCWZ pre-
scription.?

For a group element g(gr,gr) € G and h € H, we can write the chiral
transformation of the Goldstone fields as

& -5 gréih'(g, 9), tr - grérh' (g, ). (1.51)

The compensating H transformation is necessary to put the £(¢) back into
its original form. In our case the coset space G/H is curved and therefore H
transformation is nonlinear. Since the vacuum is parity invariant, the same H
transformation occurred in both left-handed and right-handed sectors. This
allows to find a simpler representation for the Goldstone fields that transforms
linearly under the chiral group. So we define U(¢) = ¢ R(qzﬁ)gz(qﬁ). Tt is easy to
check that the transformation of U(¢) under G is linear

U(¢) - grU(d)gr (1.52)

We can now arbitrarily choose £ (¢) = {E(qﬁ) = u(¢) which results in U(¢) =
u(¢)?. The matrix U € SU(3) parameterizes the Goldstone bosons as

U(p) = exp(iv2¢/F), (1.53)
where
LENNUE + +
e s r
— - . 0 . 54
¢(z) ™ st K (1.54)
K- O

V6

The most general chiral Lagrangian which contains the pseudo-scalar mesons
must be Lorentz invariant and also be symmetric under chiral transformation.
The chiral perturbation theory in its modern form was first systematized by

3We refer to Ref.[14] and references therein for a detailed discussion on the existence of
an isomorphic mapping between the coset space G/H and the Goldstone fields and related
discussions.

4In this prescription which was put forward by Callan, Coleman, Wess and Zumino[6, 7],
one picks £ = exp(iB.¢(x)) where B is a set of broken generators and the Goldstone fields
are the ¢*(z).
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Weinberg[8]. The full effective Lagrangian can be written in terms of sub-terms
with a definite number of derivatives as

Lepr = Zﬁn, (1.55)

Where n denotes the number of derivatives. The Lagrangian £, is of order
p™ because it contains operators with n number of derivatives. We can then
obtain the lowest order Lagrangian in the chiral limit, denote by Lo, taking
into account the unitarity of the U matrix: UUT = 1,

F2
Ly = T0<8#UT8”U>. (1.56)
(X) denotes the trace of the matrix X. The constant Fj is related to the pion

decay constant. To prove this claim, Noether currents of the G symmetry are
found

i ZF(]z i t 1
Vi o= _TQ (UTo,U +U8,U"))
2
Al = iF4—O<)\i (Uta,U - Ua,Ut)) | (1.57)

Where, V;f and AL are the vector and axial currents respectively and i = 1,...,8.
On the other hand, the pion decay constant is defined through the matrix
element

(O1A, |7 (p)) = ifzpud®. (1.58)

If we plug in the meson field U(¢) in the axial current given above, to leading
order we find that
4 J I

Al = 7‘% (X19,0) . (1.59)
Now by comparing Eq. (1.58) and Eq. (1.59) it can be read that Fj is actually
the pion decay constant. So far we have assumed that the chiral symmetry is
exact. However, in reality the chiral symmetry is explicitly softly broken due to
the small quark masses. This is induced by the mass term GpMgqr, + gz MTqr
in which M = diag(m.,, mg4, ms) and m; is the current quark mass.> In order
to incorporate the mass term in the chiral Lagrangian, the quark mass matrix
has to be promoted to a spurion with the chiral transformation

M= grMg}, M= gMigh. (1.60)

5The current quark mass is QCD scale dependent and should not be confused with the
constituent quark masses of the quark model.
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This allows the inclusion of all the symmetry breaking operators to the effective
Lagrangian in such a way that mass term is rendered chirally invariant. The
leading order of such terms is (UM + MUT), when added to Eq. (1.56) it
gives rise to the leading order chiral Lagrangian

2
b = %(@maﬂw +2Bp (UM + MUT)). (1.61)

The constant By is related to the vacuum expectation value

Quark masses are counted as O(p?) because of the relation m2, = Bo(m,+ma)
that we will shortly obtain. Even at the this order we are able to obtain
interesting results on the relation among meson masses as well as the quark
mass ratios. One needs to look at terms in the Lagrangian that have the form
(¢2M) from where we can read the meson masses in terms of quark masses
and the effective constant By. If we do so it will be found that there is an
off-diagonal term involving the m — 7 fields followed by the constant mg — m,,.
This then requires to diagonalize the mass matrix and consequently will bring
in the lowest order mixing angle

\/g mg — My,
tan(2¢) = ——m—, m=(my +mgq)/2. 1.63
(g = Fh (1 + ma)/ (1.63)
We ignore here the explicit calculations and only present the result for meson
masses at first order in mg — m,,,

m2, = mZi+O0((mg—my)?) = 2By,

m%(“ = BO(ms + ’I’h) + BO(md - 'rnu)/2 )

mis = Bo(mg+m)— Bo(mg—my)/2,
m2 = 2By(in+2m,)/3. (1.64)

The meson masses in Eq. (1.64) satisfy the Gell-Mann-Okubo (GMO) relation

mf, = (2m3, + 2m3., —m2)/3. Using the physical masses for the mesons, it

turns out that this relation is fulfilled up to about 10 per cent, arising from
higher order corrections. From the relations for the meson masses given in
Eq. (1.64) we can readily extract the quark mass ratio m/m; as

m2

= us ) 1.65
m?{"’ + m%{+ —m; ( )

JE

Using the physical values m, = 0.134 GeV, mg+ = 0.493 GeV and mgo =
0.497 GeV, we find for the quark mass ratio m/ms = 1/27. To obtain the
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ratio m, /mg, requires some more efforts. Eq. (1.64) provides the mass split-
ting among kaons due to the strong interactions which is of the form (mf(0 -
mfﬁ)QCD = By(mg —m,,) and that for pions is (mfr(J — mfrJr)QCD = O((mg —
my)?). The latter being of second order in (mg —m,,) is considered to be neg-
ligible. In addition, we have the relation (m?%, — miﬁ)em = (mio - mfr+)e,,L.
This is in fact the Dashen’s theorem which is correct to lowest order in electro-
magnetic effects and quark masses. Merging these relations together leads us

to obtain the value of By(mg —m,,) in terms of measurable meson masses as

(Mo —mi+)oep = Bo(ma —my)
= m%(() — m%(+ — m72.r0 + m727+ . (166)

From this relation and with mi = By(mg + m,,), we arrive at

2 2 2 2
Mg — My, _ Mo — My — Mo +mﬂ.+ (1 67)

mg + My, m2

Pitting in the physical masses m o = 0.134 GeV, m+ = 0.139 GeV along
with kaon masses given above we get m,, /mg = 0.55. It is important to notice
that the absolute value of the quark masses cannot be extracted from chiral
perturbation theory (ChPT) alone.

Before we finish this section it is worthwhile to briefly address the problem
of elastic wm scattering at leading order in ChPT. The S-matrix can be written

for the scattering 7*m? — wFr! as
Sy =l (w00 pa)|T (el [ ot ) 1nt o) o). (169

The leading contribution to the non-trivial part of the S-matrix is then

Tyt = (' (1) (p2)|T ( / d4$£2)) () () (1.69)

Where i,j,k and 1 stand for the isospin indices. Taking into account the crossing
symmetry and isospin invariance of the T-matrix, the T-matrix can be written
in terms of analytic function A(s,t,u) as

Tij;k[(s, t, u) = A(S, t, u)éijékl + A(t, s, u)éikéﬂ + A(u, t, S)(Siléjk(lj())
Where the Mandelstam variables are
s = (p; +pj)?, t=(p; —pr)?, u=(p; —p)?. (1.71)

For our purpose, the relevant terms in Lo are those with at most four meson
fields. For these we have obtained

Ly = 1/3F(Byinr n’7r n~ — 7T07T03M7T+8#7T7 — 8M7T08”7T07T+7T7
+700, 7m0t + 700, m 0ot ) (1.72)
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Where, ellipses stand for terms with higher number of fields. To evaluate the
function A(s,t,u), we consider the scattering 7*7~ — 7%7°. In Eq. (1.69),
we use the Wick’s theorem to reduce the T-product (Time-ordered product)
to N-product (Normal-ordered product) of contractions. At tree-level all four
fields are non-contracted and act on the initial and final-state particles. Note
that each derivative brings out a factor of ¢p;, when acted on the initial or final-
state with momentum p;. After explicit calculations are done, we find for the

scattering amplitude

1 .
M(p1,p2,p3,p1) = W@Bom + 2p1.p2 + 2p3.p4
0

+p1-(p3 + pa) + p2-(p3 + pa)).- (1.73)

Furthermore, it is possible to write the momenta in terms of one single Man-
delstam variable. We have s = (p1 + p2)? = (2p1.p2 + 2m?2) and also s =
(p3 + pa)? = (2p3.ps + 2m2). From here two products p;.p> and p3.ps can be
eliminated in favor of s. Using the relation m2 = 2By, we obtain

A(s, t,u) = ;g(s—mi). (1.74)

This is in full accord with the current algebra result obtained by Weinberg in
the sixties[9].

1.5.3 Chiral Effective Lagrangian with Local Flavor Sym-
metry

To get more benefits out of the chiral Lagrangian, the method of external fields
is introduced[10]. In this approach one incorporates the coupling of classical
external fields to quarks along with a set of appropriate field transformations.
This then allows the computation of Green functions of quark currents by
the use of the effective Lagrangian. First let us consider the extended QCD
Lagrangian

Locp = Loop + 7" (vu +7sa.)q — 4(s +ip)g,
1 _ _
L’%CD = _EGZDGZV + qriv" Dyugr + qriv" Dougr - (1.75)
The fields s, p, v, and a, are 3 x 3 Hermitian matrices in flavor space and denote
the scalar, pseudo-scalar, vector and axial-vector external fields respectively.

The external field approach allows the global flavor symmetry to be promoted
to a local one. The set of appropriate field transformations under local chiral
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symmetry are

. — go(®)qr
qr  — 9r(T)qR,
ly, = vy—a,— grlugr + igLa;ng )
T = vyt au — grlugr +igrdugk
s+ip — gR(s—l-ip)gE. (1.76)

If we now regard these external fields also as external fields in the effective La-
grangian which we have already built in the last section, it then seems possible
to write down the effective action with the local chiral symmetry. The fields
a, and v, get involved in the covariant derivatives

DU =09,U —ir,U+iUl,, DU =0,U" +iU'r, —il, U, (1.77)
and also through the field strength tensors
FYY = 04— 0 il ], FR =0 0] (LT)

Given all these, generalization of the Lagrangian £ obtained in Eq. (1.61) can
be done by changing the derivatives to covariant derivatives as
Fg

L = (D UTD*U) + ({Ux' +xUT)) . (1.79)
Where x = 2By(s + ip). The quark masses are involved in the scalar external
field s, so that s = M + sez:. We can also attribute physical gauge fields to
the vector and axial-vector external fields. In terms of left-handed and right-
handed external fields we have

r, = eQA, +rext,

e
l, = eQA,+————(WIT, + h.c)+l,ext, 1.80
" " \/isin(GW)< wer )+ (180)
Where, A, is the photon field and W stands for the electroweak gauge boson
field. Oy is the Weinberg mixing angle. Q denotes the quark-charge matrix

and T is a 3 x 3 unitary matrix containing the relevant quark-mixing angles
of the full Cabibbo-Kobayashi-Maskawa (CKM) matrix:

2.0 0 0 Via Vs
Q = 0 -2 0 |, Ty=(0 0 0 . (1.81)
0 0 —3 0 0 0

Physical observables defined as various correlation functions can be ob-
tained by taking functional derivatives of generating functional with respect to
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the external fields. The generating functional are defined in the path integral
formalism. At very low energy we assume

; 1
eZlepma) oA / DgDGDG,, exp (z / d4xllQCD(x))
0

= ZLO/DUexp (i/d4$EChPT(33))- (1.82)

For example, the expectation value of the quark condensate can be achieved
by varying the generating functional with respect to the scalar external field as

1

e 5 .
<q>\ C]> - Z()( Z(SS“) eXp(ZZ(S,p,U,CL))|S:p:7J:a:0, (183)

Where s are defined via s = s° + Zi:l A?s® and the A\* stand for the Gell-
Mann matrices and s may be regarded as the matrix M, the quark mass
matrix. In section (1.9) we will work out as an example, the expectation value
of quark condensate up to one-loop order in chiral perturbation theory.

1.6 Higher Order Chiral Lagrangians

The main motivation for the construction of the chiral Lagrangians of higher or-
ders is that they are essential for the inclusion of the quantum effects. In doing
the loop computations by using the vertices from Lagrangian Lo, it turns out
that the divergences have the form that can not be absorbed by renormalizing
the coupling constants or doing the field redefinitions in £4 only. Here we have
a non-renormalizable theory in that the divergences can only be absorbed by
terms or counter-terms from those one finds in £4. The most general effective
Lagrangian at order p* consistent with Lorentz invariance, chiral symmetry
and parity was written down by Gasser and Leutwyler[11] as

Ly = L(D,UTD*U)? 4 Ly(D,U'D,UY(D*UTD"U)
+L3(D"U'D,UD"U'D,U) + Ly(D*U'D,U){x'U + xUT)
+Ls(DPUTD, U (XU +UX)) + L (XU + xUT)?
+ L (xTU = xUN? 4 Le (xTUXTU 4+ xUTxUT)
—iLo(F, D*UD"U" + F, D*UTD"U)

+L1o(UTFRUF ™) + HY(FR PR + FLPL) + Hy(xTx) . (1.84)

%

The unitary matrix U € SU(3) contains the pseudo-scalar mesons. (X) stands
for the trace of matrix X. The equation of motion has been used to remove
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]

(@) (b)

Figure 1.2: (a) Shown the basic photon-electron vertex which shows up in
QED and is of order e (electron charge). (b) Feynman diagram of the photon
polarization which is of order e?

dependent terms. There are 10+2 low-energy constants (LECs) in the La-
grangian. The last two terms in the Lagrangian contain only the external
fields and are not relevant for low energy physics. The LECs are free pa-
rameters which encode the effects of heavy degrees of freedom and get no
constraints from chiral symmetry. These LECs, however, can be determined
using experimental data. Chiral Lagrangian has been worked out to Next-to-
Next-to-leading order[12]. At this order the number of LECs rapidly grows to
94+4-4.

1.7 Power counting scheme

Power-counting in renormalizable theories is pretty simple, i.e. QED and QCD
at high energies. The reason is that for that there is a unique coupling constant
attributed to a basic vertex which can be used to determine the strength of
a generic Feynman diagram in a perturbative expansion. Fig (1.2a) depicts a
vertex of a renormalizable theory, i.e QED with strength e (e is the electron
charge). The power-counting of an arbitrary Feynman diagram like that given
in Fig (1.2b) is then simply done by counting the number of times the basic ver-
tex in Fig (1.2a) shows up in the graph. So the graph in Fig (1.2b) is of order €.

This, however, is not the case for a non-renormalizable theory like ChPT.
At lowest order there is a vertex of order p? and the next-to-leading Lagrangian
provides order p? tree level vertex and so forth. A generic Feynman diagram
can then be built out of a combination of various vertices, coming from different
orders, hooked up to meson propagators. This implies that a power-counting
scheme is a necessary ingredient for a non-renormalizable theory to be able
for collecting all the relevant Feynman diagrams of a given chiral order. In
Fig. (1.3) we show as an example vertices from chiral Lagrangian of order p?
and order p* and the question is then how to determine the dimensionality of
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Figure 1.3: (a)-(b) The tree Feynman diagrams taken from chiral Lagrangians
Lo and L4 respectively. (¢) A generic Feynman graph which is built out of
vertices (a) and (b) and is of order p°.

the Feynman diagram in Fig. (1.3c) consisting of vertices of order p? and p?
and meson propagators. Here we consider a generic case and write a Feynman
integral which has dimension p” as

L1
ap = [ @)™ o I (1.85)

Where, Ny, is the number of loops, N7 is the number of internal lines and V, is
the number of vertices of order p™. From Eq. (1.85) we find for D the following
relation

D = 4Np—2N;+ ) nV,. (1.86)

Moreover, there is an identity which links the number of loops and internal
lines to the sum of the all vertices in the graph according to

NL—NI-i-ZVn = 1. (1.87)

n

We apply the relation above to eliminate N; in Eq. (1.86) and thus obtain the
dimensionality of a Feynman graph of general form as

D = 242N, +> (n—2)V,. (1.88)

In chiral perturbation theory the lowest order is of order p%, so n > 2. It can
easily be seen that for a given D, there is only a limited number of graphs that
satisfy Eq. (1.88) and this proves that renormalization of a non-renormalizable
theory is possible order by order in perturbative expansion. Nevertheless, It
should be noted that by going to higher orders, the number of graphs grow
rapidly. We discuss the matter of regularization and renormalization in the
next section.
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1.8 Regularization and Renormalization

Feynman integrals have ultra-violet divergences. We thus need to modify the
momentum integrals in such a way that it becomes possible to keep the finite
part and the infinite part of the integral separately. By readjusting the bare
coupling constants properly, the divergent part can be removed. For this pur-
pose two steps are needed. First, one regularizes the Feynman graphs and then
the sum of the regularized graphs should be renormalized.

Dimensional regularization for the computation of the Feynman diagrams,
in chiral perturbation theory, is known as a practical choice. It preserves the
chiral symmetry and therefore the Ward identities remain valid and no sym-
metry violating counter-terms are needed.

In this scheme, integrating in dimension d = 4 — 2¢ of space-time for suf-
ficiently small €, makes the momentum integral converge. When we Laurent
expand the momentum integral in €, the results begin by terms like }L along
with terms accompanied by positive powers of €. L is the number of loops in
the integral. In the limit € — oo these terms are infinite. For example, if we
perform a two loop momentum integration, terms with negative powers in €
as E% and % appear in the result. Doing a one-loop integration in dimensional

regularization, the divergent part is found to occur in the form

1 1 1
—— (== 4+ =log(M?/p®) + O 1.89
oz (3 + 3 losM/) +0(0)) (1.50)
Where 1/é = 1/e+1log(4nr) + 1 —~vg. Where g is the Euler constant. Through
the renormalization procedure we need counter-terms with adjustable coupling
constants to remove the pieces proportional to 1/€. The bare coupling constants
L; should therefore be split into two parts as

T, 1
Li = Li(p)— 32;2 (E) + O(e). (1.90)
L7s are measurable quantities and can be determined phenomenologically. If
I';s are found so that the divergences of the one loop Green functions plus di-
vergences of the tree level diagrams of £4 vanish then we say that the amplitude
is renormalized at this order. Gasser and Leutwyler applied the background
field method and heat kernel technique to compute the divergences at one-loop
level. Its result for the I''s are given in Tab.1.1. After renormalization is done,
€ should be sent to zero. Doing so, we obtain the finite part of the given am-
plitude which is independent of the regularization parameter €. At first sight it
seems that the amplitude is renormalization scale dependent, since both chiral
logarithm and L depend on the subtraction point . However, the physical
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i Tyl 10°L! [11]  10°L7 [19] Source

1 3/32 0.9+0.3 0.43 +£0.12 K4 and 77 scattering
2 3/16 1.74+0.7 0.73 £0.12 K.4 and 77 scattering
3 0 —4.4+25 —2.35£0.37 K4 and 77 scattering
4 1/8 0+0.5 0 Zweig rule

5 3/8 22405 0.97+0.11 Fg : Fy

6 11/144 0+0.3 0 Zweig rule

7 0 —-044+0.15 —0.314+0.14 Gell-Mann-Okubo, L5, Lg
8  5/48 1.1+0.3 0.6+0.18 Mo —MK+,L5,%
9  1/4 744+0.7  5.9340.43[20] (r”

10 -1/4 —-06+0.7 T — evy

Table 1.1: The phenomenological values for the low energy constants L] at
the subtraction point p = m,, [11] and at g = m,[19, 20]. The last column
indicates the experimental or theoretical sources used to determine the LECs.

observables must be renormalization scale invariance. This will result in the
renormalization group equation for the low energy constants (LECs) LT

dLi(p) Ly
L = — . 1.91
du 1672 (1.91)
Solving the differential equation above gives rise to
I Ha
L! = LI log(—) . 1.92
z(/”'?) z(/-j’l) + 1672 Og(/IJQ) ( )

In Tab. 1.1 we have collected the values for the LECs and the experimental or
theoretical sources where they have been obtained from.

At two-loop level or order p®, computations become more involved because
now besides the local divergences which can be removed by those from counter-
terms of order p%, there is another type of divergences which are called nonlocal
divergences. The non-local divergences, however, always cancel in a local quan-
tum filed theory. Local divergences of order p® can be found in [21].

1.9 Quark-Antiquark Vacuum Expectation Value
at One-loop Order

In section (1.5.3) we explained that the introduction of external field technique
enlarges the domain of the ChPT applications. Here we have intended to
do some detailed calculations regarding the order parameter of the quantum
chromo dynamics. To this aim, we use Eq. (1.83) to find (gq) in terms of Lcppr
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(@) (b) ()

Figure 1.4: (a) The {gq) insertion of order p?, (b) The (gq) insertion of order
p* and (c) is the so-called tadpole or one-loop Feynman diagram of order p?.

first. We find relations below among various expectation values in the isospin
limit

(X)) = 2(uu)+ (5s) =

(@) = —=(au) —(55)) =

, (1.93)

Where, Loy = fd4x£eff and Lepr = Lo + L4+ ---. We solve the coupled
equations given above for (@u) and (3s) in terms of partial derivatives of the
chiral Lagrangian.

_ o 15Leff \/§5Leff
<UU> N 3 (580 + 6 (588 ’

10Leps 1 OLesy
3 (580 \/§ (588 ’

To do one-loop order calculations, we need vertices from Lo to construct
loop diagrams and also tree level vertices from L4 as counter-terms. The rel-
evant Feynman diagrams for this quantity up to order p* are presented in
Fig. (1.4). To construct the tadpole diagram shown in Fig. (1.4c) the relevant
terms in Lo are those with at most two pion fields and one scalar external field.
The kinetic term in Ly is free from such terms and only the second term can
give the needed terms. We Taylor expand the U(¢) field and only keep terms
with at most two fields, for the relevant term we find

Ly = —F3/A{(x+xN(1—=¢*/F5))+--,
= —FBy(s—s¢?/F2) +---, (1.95)

(1.94)

Where, in the last equation we have replaced x = 2By(s + ip) and only kept
the relevant terms. The first term in the Eq. (1.95) gives rise to the leading
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order value for the vacuum expectation value. We thus find (au) = (5s) =
—F?By. The second term can be written out in terms of pseudo-scalar fields.
To calculate the tadpole contribution we construct the matrix element below
and plug in the Lagrangian in terms of meson fields

<qq>tadpole = <7T|i/d4x£ChPT(x)|7T> 5
Lenprlaw = —iBo/2 (7 +27ta™ +1/3mn+ KYK~ + K°K°) |
Lenprlss = —i2Bo (1/3m+1/2KTK™ +1/2K°K?) . (1.96)

Here, to proceed we do field contractions for each pair and taking into account
the momentum conservation in the vertex and following Feynman rules, we end
up having momentum integrals with final results as

_ dék 3 1/3 2
Whtadpore = (=Bo 2)/ 2n) <k2 B R m%) ’

_ dk 1/3 1

S adpote = (_QBO)/ (2m)? <k2 —m2 R _m%) ' (197

To perform the integrals, dimensional regularization is implemented and we
have found

<ﬂu>tadpole BO/167T2((3/2m727 + 1/6m127 + m%()/E

—3/2m2 log(m2 /u?) — 1/6m log(m: /1i*)

—mi log(m¥ /u?)) (1.98)
(55)1adpote. = Bo/167°((2/3m;, + 2mi) /e

—2/3m? log(m?/u2) — 2m log(m¥ /u?)),  (1.99)
Where, 1/ = 1/e—~yg+1+1log(4m). The last piece to be computed is counter-
terms (CTs) with vertices taken from £4 as shown in Fig. (1.4b). These are
necessary ingredients to be able to remove the infinities we encountered. At this
order, we collect terms with at most two powers of the scalar external field and
no pion field is necessary. Our final results for the counter-term contribution
read

(Wu)or = B (32(2m +my)Le + 16mLs + 8mHs) ,
(88)op = B§(32(2m + ms)Le + 16msLs + 8mgHy) . (1.100)

Meson masses to leading order are given in Eq. (1.64). We use these relations
to replace the quark masses, and we find

(Wu)op = By ((16m2 + 32m3)Le + 8m2Ls + 4m>Hs)) |
(38)op = DBo((16m2 + 32m%)Le + (16m% — 8m2)Lg
+(8m?% — 4m?2)H,). (1.101)
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The infinities we found in the one-loop integrals can be removed by renormal-
izing the LECs in the counter-terms. We replace the bare LECs by those given
below

T 1

L6 = LE—WE, F6:11/144,
B VN
L8 == L8_327€7 F8:5/48,
Ay 1
H, = Hjy——2>  A,=5/24. (1.102)
3272 €

At the end, we write the expectation value up to order p* normalized to lowest
order (LO) value, (au);, = (uu) ;o = —F§B,. We find

(uu) [ (uu),, = 1—1/F5(3/2A,+1/6A, + Ak
+16m2L§ + 8 m2Lg + 32m3 LE + 4m3 HY).
(1.103)
(38) /(38) o = 1—1/F3(2/3A,+2Ax +16m2L§ +32m3 L

—8m2LL +16m% L; + 16 m% Hy —4m2Hy). (1.104)

Where, Ay = —(m%,/1672) log(m%/u?). As can be seen, at one-loop level the
vacuum expectation value cannot be defined unambiguously, since it depends
on the subtraction constant Hj. At leading order however, this was not the
case.

1.10 Kaon Semi-leptonic Decays and V,;

The unitary 3 x 3 Cabibbo-Kobayashi-Maskawa (CKM) matrix relates the
quark weak eigenstates to mass eigenstates. The quark mixing phenomenon
occurs in the weak charged interactions of quarks in the Standard model. Its
matrix elements are

Vud Vus Vub
Vekm =\ Vea Ves Vo |- (1.105)
Via Vis Vi

The matrix elements are free parameters in the Standard model and can
be extracted from experimental data. For the case with two generation the
CKM matrix reduces to the Cabibbo matrix with only one parameter, namely
Cabibbo angle 8c. Moreover the CKM matrix can be written in terms of
Wolfenstein parameters (X, 4, p,n) as

1— )22 A AX3(p —in)
Vorm = -\ 1—)\%/2 AN? . (1.106)
AN (1 —p—in) —AN? 1
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0000
3

Figure 1.5: The semi-leptonic kaon decay is shown. The solid lines represent
the quarks and the wiggly lines stand for the gluons. The propagation of the
weak boson is shown by curly line.

Unitarity of the CKM matrix in the first row implies the following constraint
on three matrix element

Vaal® + [Vus P + [Va? = 1. (1.107)

Any deviation from unitary found is in conflict with the Standard model and
may signal a potential new physics. From Particle Data Group it reads:
Vua = 0.97383, V,s = 0.2272 and V, s = 0.00396. Our focus is on the deter-
mination of the matrix element V,s. Hyperon and semi-leptonic kaon decays
are the main sources to determine V,s. However, the Hyperon decays are dis-
favored because of larger theoretical uncertainties associated with the SU(3)
breaking calculations. The semi-leptonic kaon decays are known as K — wlyy,
namely, K — 7717y, and K+ — 7%% v, where the final state lepton can be
an electron or a muon. Figure. (1.5) depicts a schematic Feynman diagram of
kaon decay via weak charged interaction. As shown in this interaction both non
perturbative strong interactions and the electroweak interactions are involved.
The hadronic matrix element can be parameterized in terms of two formfactors

(7= () |59l KO (pr)) = (e + p) FE°™ (8) + (o — po) P (1),
1

(7 i) 59l K ¥ (0r)) = —= (i + 2 S () + (i = ) 577 (1))

(1.108)

S

The forrrolfactors in+t\[z)vo processes are related due to the isospin. This implies
that f&™ = fE"™ The decay rate is given in the master formula below
where the effects of the strong interactions and weak interactions are factorized
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into the calculable quantities

2 2
GFSEWmK

0 -t
I'NK° - n"e ) 109,3

Vs ST (0)PLr (14 2A8501)
(1.109)

Where Sgw is the short distance radiative corrections. Apgps stands for the
model dependent long-distance QED corrections. The phase space integral is
denoted by I.+ which is a function of the slope parameters of the formfactors.
Besides the slope parameters needed in the phase space integral, the only piece
which is responsible of long distance strong interaction is encoded in the vector
formfactor f f 7" at zero momentum transfer. To extract the value of Vs with
high precision, precise theoretical evaluations of the quantities defined above are
demanding. Among these, determination of the vector form-factor f(0) has
been further studied in the last paper including the isospin breaking effects to
this quantlty At leadm% chiral order the vecor form-factors are normalized to
unity, K T (O) £77(0) = 1. According to the Ademollo-Gatto’s theorem,

dev1at10n of f ™ (0) from umty is of order (ms — 1m)? or SU(3) symmetry

breaking while that for fX"7°(0) can gain corrections of first order in SU(2)
symmetry breaking, namely of order (mg — my,).

1.11 The Papers

A brief summery for each paper is provided in this section. All works are done
within the framework of the chiral perturbation theory. The evaluation of the
quantum effects via the application of the Feynman diagrammatic approach is
the main technology employed in all works. The analytical results are typically
very long at two loop order and this requires systematic calculations and many
cross-checks.

Paper I

In this article we have investigated the finite volume corrections to the vac-
uum expectation value (gg) in SU(3) chiral perturbation theory (ChPT) at two
loop order accuracy. We have then confronted the ChPT calculations with
that obtained from an extended Liischer formula for the said quantity. Al-
though Lattice QC'D computations can now be performed with fairly small
quark masses, extrapolation to the physical masses is still essential. The finite
size effects come about as a modification in the propagators since the finite size
of the lattice leads to the momentum discretization and this in effect develops
a different type of infrared singularities. The boundary conditions imposed on
the lattice, however is not going to alter the ultra-violet infinities, because at
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very large energy the discretized momenta tends to the continuous limit. In an
interesting article Liischer found an asymptotic formula in which the physical
mass shift due to the finite volume is related to the elastic scattering ampli-
tude evaluated in infinite volume. An important outcome in Liischer’s article
concerning the mass shift was that in the leading large L (The lattice size)
the relevant Feynman diagrams contribute with only one propagator which
has to be evaluated in finite volume. The computation of these Feynman dia-
grams led him to drive his asymptotic formula. In this paper, an asymptotic
formula is found for the quark condensate. On the other hand, the finite vol-
ume corrections are evaluated by directly performing the Feynman integrals in
finite-volume.

Paper 11

Here I sketch out the results concerning the eta decay to three pions presented
in the second paper.

For this process, the strong interaction is dominated and the electromag-
netic effects are safely negligible. Chiral perturbation theory (ChPT) is em-
ployed for this study. This decay is an Al = 1 transition and therefore the
decay width is proportional to the value my — m,. In order to pull out the
overall mixing angle we do a Taylor expansion of the loop integrals involving
two charged kaons around the neutral kaon mass. In principle this decay pro-
vides an exceptional tool for the estimation of the value mgy — m,. The decay
rate at tree level is known since the sixties and it is badly in conflict with
the experiment. In this work we have done a full next-to-next-leading order
(NNLO) calculation in the same line as the one loop corrections (NLO) was
done by Gasser and Leutwyler some years back. On the basis of the dispersion
analysis, its result also account on the large quantum correction. We have also
addressed the question of convergence in this study. we find somewhat larger
correction in comparison with the dispersive analysis but the convergence is
reasonably acceptable.

We have also compared the Dalitz plot distribution in n — 7% 7~ with the
experiment where we have used a standard parameterization for the Dalitz plot
as |M|? = MZ(1+ay+by*+da?+ fy> +gx?y+...) and |M|* = MZ(1+20z+...).
The changes in the Dalitz parameters in going from NLO to NNO is mild
but the change in the overall factor, M2, is sizable. We find the Dalitz plot
parameters for the decay n — 77 Tn~ as MZ = 538 + 18, a = —1.271 4 .0075,
b=.394+.102, d = .055+.057, f = .025+.160. and for the decay n — m'7%7°
as MZ = 4790 + 160 and o = .013 £ .032. Our theoretical result for the Dalitz
plot parameters near the experimental values less than expected and this is
puzzling to us because using the same input parameters has given rise to a
good result for the 77 scattering length where the S-wave scattering makes up
the main effects as in the case of i decay.
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T(n—nn°z°)
I'(n—mOntn—)
1.47 which is in very good agreement with experimental result re., = 1.494.06.

For the decay width at NNLO we obtain I'( — 7077 ~) = sin” € 2.33MeV.

Using the experimental result Teyp(n — 797777) = 296 & 15eV we obtain
R = 42.2 where we have defined sin(e) = %M = %%.

ms—m

Our result for the ratio of the decay rates r = reads TNNLO =

Paper 111

In this paper we have studied the vector and scalar form factors of the semi-
leptonic kaon decays. As improvements the isospin breaking effects are in-
cluded. This is done for four different processes. Two weak charged kaon
decays namely K+ — 7%y, and K° — w1y as well as two rare weak kaon
decays, namely K — nll and K — wvrv. We have defined a set of form-factor
ratios which are sensitive to the isospin breaking effects. We have also com-
puted the vector formfacor fi(¢) and scalar form-factor fi(¢) at ¢ = 0 and
also its behavior by varying the momentum transfer t. Finally we have com-
puted corrections to the Callen-Treiman relation for the four process mentioned
above.
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Abstract
A general formula is derived for the finite volume dependence of vacuum ex-
pectation values analogous to Liischer’s formula for the masses. The result
involves no integrals over kinematic quantities and depends only on the matrix
element between pions at zero momentum transfer thus presenting a new way
to calculate the latter, i.e. pion sigma terms.

The full order p® correction to the vacuum condensate (gq) is evaluated and
compared with the result from the Liischer formula. Due to the size of the p®
result no conclusion about the accuracy of the Liischer formula can be drawn.
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2.1 Introduction

Quantum Chromo Dynamics (QCD) at low energy remains a difficult prob-
lem. One of the ways to deal with this problem is to numerically evaluate the
functional integral of QCD. This approach, known as lattice QCD, has now
reached the stage where realistic calculations with fairly light quark masses are
now possible. One side effect of this is that finite volume corrections are becom-
ing more important. Luckily in many cases these corrections can be evaluated
analytically using Chiral Perturbation Theory (ChPT) [1, 2]. The application
of ChPT to finite volume was started by Gasser and Leutwyler [3]. A review
of recent work in this area can be found in [4]. Note that ChPT is applicable
to finite volume as soon as the typical momenta that are relevant are small
enough. This imposes a size restriction on the volume as

F.L>1. (2.1)

Here F; is the pion decay constant and L is the linear size of the volume. This
paper is concerned with the p-regime. This is the regime where the volume is
large enough such that the zero momentum fluctuations of the meson fields can
be treated perturbatively. This is the regime with in addition the requirement
that

m2E2V >> 1. (2.2)

These finite volume corrections have been evaluated for many quantities up to
one-loop order. This is the order where the first nontrivial dependence on the
volume shows up. One purpose of this paper is to calculate the full two-loop
finite volume corrections to the vacuum condensate (gg). This is the one of the
calculations of finite volume effects to this order? The vacuum condensate at
finite volume has been studied at one-loop in Ref. [6].

An alternative approach to finite volume corrections was introduced by
Liischer where the leading part of the finite volume corrections was derived to
all orders in perturbation theory for the mass in terms of a scattering amplitude
[7, 8]. This was extended to the finite volume corrections for the pion decay
constant in [9]. The other purpose of this paper is to extend the Liischer
formula also to vacuum expectation values. This will in general connect the
finite volume corrections of an operator to the zero-momentum transfer matrix
element of that operator between pion states as shown in Eq. (2.5). This
allows for new ways to calculate sigma terms from the finite volume variation
of vacuum condensates.

Note that all our formulas are for the case of an infinite extension in the
time direction but a finite volume in the three spatial directions. The formulas

2Ref. [5] with another calculation appeared essentially simultaneously. There the pion
mass at finite volume was studied at two-loop order.
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can be easily extended to a small fourth direction as well by replacing the
integrals with the expressions for that case.

2.2 A Luscher Formula for the Vacuum Con-
densate

It turns out to be straightforward to extend Liischer’s formula for the mass to
the case of the vacuum condensate. In fact the formula has an even simpler
structure than the one for the mass or the decay constant [9]. The underlying
observation of Liischer’s method is that the leading finite volume corrections
come from one of the propagators feeling the finite volume effects only. We
write the finite volume propagator Gy (q) as

Gv(g) =Y e ™ hiG(q). (2.3)

Here the sum is over a vector of integers and L; is the length of the volume in
the i-th direction. The term with 7 = ¢ gives the infinite volume case. Liischer
then kept only the the term with one of the n; = £1 since this is parametrically
leading. As suggested in [10] one can also easily keep the entire series, thus
keeping part of the subleading corrections. The remainder of the Liischer’s
analysis goes by taking the component of ¢ parallel to 7, ¢, and distorting
the integration contour along that direction to ¢, — ¢, — ¢s. In the limit of
s — oo the contribution from that integral vanishes and only the parts coming
from the singularities encountered while deforming the contour remain. These
happen when relevant propagators can go on-shell. A pedagogical introduction
can be found in [8].

The difficulty in proving this is that it needs to be done to all orders in
perturbation theory, this was done in [7]. Here we only sketch the lines of
reasoning. Of the three types of contributions shown in Fig. 4 of [7] only
one is relevant here and is shown in Fig. 2.1(b). The case of operators with
contributions of the type shown in diagram (a) is not relevant for ChPT, one
can always add the parity-conjugate operator to remove the contribution from
diagram (a).

One difference with the case of the mass or decay constant here is that
when the singularity is encountered, there is no freedom left in the relevant
matrix element and the integral over the momentum of the propagator can be
fully done. In the case of the mass and decay constant there is an external
momentum available, p..:, this leaves after putting the deformed ¢ on-shell a
freedom in ¢ - pez+ which results in the final integration over v. Here there is
no external momentum and hence there is no such freedom left.
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o
®
)

(b)

(a)

Figure 2.1: The two types of diagrams giving the leading finite volume correc-
tions

The formula after putting everything on-shell becomes

1 ° dq2q2 _ [Ea 3 T2
O)y — (O)oo = — / e~ VG2 (4 0|p) , (2.4
< >V < > 7;167{2 0 \/W < | ‘ > ( )

for a real boson with infinite volume mass mg and the matrix element on the
right hand side should be taken at zero momentum transfer. The integral can
now be done explicitly in terms of the generalized Bessel function K. It also
only depends on k = 72 which is also integer. The number of times in the sum
that 72 = k we call (k). We obtain

5 o) mb
Oy = O == ¥ Tz zfalc@eiole). (29

with (k) = VkmoL. Note that the above formula is for the case of one real
scalar. The multiplicity factors for complex scalars can be trivially taken into
account. Note that we have left the sum over all modes in as suggested for the
mass in [11].

In particular for the case of (gg) the relevant matrix element is the sigma
term. The finite volume corrections to the vacuum condensate thus are another
option to calculate the pion sigma term. This can then be compared with the
direct calculation of the sigma term via the matrix element (|gq|m) or via the
Feynman-Hellman theorem from dm2/0m,,.
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(e) (f) () (h)

Figure 2.2: The diagrams up to order p% for (gg). The lines are meson propa-
gators and the vertices are: o a p? insertion of gq, ® a p* insertion of gg, ® a
pS insertion of Gq, @ a p? vertex and x a p* vertex.

2.3 The finite volume vacuum condensate at
two-loops

The vacuum condensate at two-loop was calculated in [12], here we repeat that
calculation taking into account the finite volume effects. The calculation in
terms of the lowest order meson masses is straightforward and proceeds exactly
as in [12]. The details of calculation of two loops in ChPT can be found in [12].
The diagrams that contribute are shown in Fig. 2.2.

In infinite volume the loop diagrams contain the integrals

Alm?) = 1/ddp 1

i) (2m)d p2—m2’

d
B = 3 | oy G 20

These are expanded in terms of € = (4 — d)/2 as

A = g (2 e dogldn) 4 1)) + A?) + () + O,
B = gz (- 7+ loalim) +1) + Bl) + eB7(m) + O(E),

(2.7)

with a similar expansion for B(m?). At finite volume the integrals over mo-
menta get replaced by sums over the finite possible momenta. In this paper
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we only keep three of the four dimensions at the same finite length L. Their
principle of evaluation can be found in Refs. [3, 13] and explicit expressions are
at finite volume. After renormalization the divergent parts cancel and the finite
parts become subtraction-scale u dependent. The needed explicit expressions
are

_ 2 2 1 Am?
A(m?) = —m—l LN I k)— K1 (A
(m ) 1672 og (,UQ 16772 k);oox( ) )\k: 1( k)
— 1 m? 1 1
2y _
B(m®) = —g5zlog <H2> TRt k;@:c(k)QKo()\k) (2.8)

with \x = vVkmIL. The functions K; and K5 are modified Bessel functions
and the integer quantity x(k) is the number of times the sum of squares k2 =
k3 +k3+k3 is equal to k when ki, ks, k3 are varied over all positive and negative
integers. For large L the Bessel functions lead to an exponential fall-off with
the finite size.

We have checked explicitly that at two-loop order the contributions con-
taining A€ and B¢ cancel, so we do not need to evaluate these at finite vol-
ume. That this cancellation happens follows from the cancellations of nonlocal
divergences but in the calculation of [12] this calculation was not explicitly
checked. We have also reperformed the full calculation since in [12] the re-
lation A(m?) = m? (B(m?) + 1/(1672)) was used, which is no longer true at
finite volume. In Ref. [12] the result was expressed in terms of the physical
mass and decay constant. This can be done here as well but since we must
then distinguish between the integrals at finite volume and those at infinite
volume the formula is shorter if we leave meson masses and decay constants in
their unrenormalized form.

The result, in three flavour ChPT, uses the p* low-energy constants (LECs)
LT from Ref. [2] and the C7 from [14]. The latter drop out when comparing
finite and infinite volume corrections and the values of the L} only contribute to
that difference at NNLO. We also suppress the p dependence of all quantities.
The lowest order masses for the pions, kaons and eta we denote by x., xx and
Xn Tespectively and in term of the average up and down quark-mass r and
strange quark-mass m they are

Xr =2Bom, xkx = Bo(m+ms) x,=2By(m+ 2ms)/3. (2.9)

We define the quantities

u S
Ys Y

vy v}
(uu) = —BoF? (1 + 2+ ) . (3s) = —BoF? (1 + =+ ) . (2.10)
0 s 0 F§  Fy



2.3 The finite volume vacuum condensate at two-loops 45

The calculation gives

W= A(xn) (3/2) +A(xk) + Alxy) (1/6) +16xx Lg + 8 xr Ly
+4 xx Hy + 32Xk L,

v = Alxx) (2)+Z(X,,) (2/3)—|—16XﬂLE+4(2XK—Xﬂ)(2L§+H5)
+32XKLg,

w o= A4 ( 3/8)+A><,r (1/4 +A(x )(—3/4%)
YA (x) (1/12X,r>+A X&) ACxn) (—1/3)

+A(x) Blon) (= 2/9xx ) + Alxa)? (1/72) + Alen) Blxr) (1/4xx )
FA() Blx) (= 1/3xx ) + Alxa) Blxa) (= 7/108xx +4/27 xc )
A (xx) (— 36\ L} — 24\ LE + 72 X Lt + 48 X LE — 24 x5 L}
+48XKLg) + Alxx) (fsxﬁLg 16 L5 — 48 i L) — 16y LE
196 i LT + 32k Lg) +A(xy) (4/3 X L 4+ 8/9xr LE — 8/3x L
164/3xn L5+ 16/3 xr LE — 40/3 xx L — 32/9 xx L% + 80/3 x L
—64/3 xx L?) + B(xr) ( — 24X & Ly + 48 Xz xx L — 12X3 L}
—122 L5 + 242 Ly + 2432 L) + Blx) (= 8 i
16 X7 i L — 16Xk L — 8k L5 +32x% L + 165 Lt )
+B(xn) ( = 8/9 0 xx¢ Lis +32/27 x xic L +16/9 0 xi¢ L
—128/9 X xi Lf — 64/9 Xx xx L +4/9 x5 L} — 4/27 x5 L

—8/9 7 L +64/9x7 L7 +8/3 X7 Ly — 32/9 X% L}

—64/27x% LT + 64/9 % L + 64/9 v% L + 64/9 2 Lg)

+192 X XK C31 + 8 Xx XK Chy + 48 X2 Cly + 80 X2 Chy + 48 X2 Ch,y
—4x2 Cgy + 64 x5 Chy +192 x5 Cy

v = A0 Blx) (1/3%xx) + Alx) Alx) (- 2/3)
+A(xk) Blxa) (= 8/9xx ) + Al (2/9)
+A() Blxx) (= 2/3xx ) + Alx) Blx) ( = 7/27 xn +16/27 xx )
+A(xr) (= 24 T + 48 xx L) + Alxx) = 16 xx L + 32+ L

—64 i L — 32xx LT + 128 x5 L% + 64 v Lg)
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+A(x) (= 8/3xx L +32/9 xx L +16/3 X7 L — 128/3 3 L

—64/3 xx L — 64/3 x5 L — 128/9 xx L% +128/3 x i Ll +128/3 xx L
+128/3 x L) + Blx) (= 16 xx ¢ L + 32X X L — 32Xk L
~16.x5% L + 64 x5k L + 32Xk L8) + Blxy) ( = 32/9xw e L
+128/27 xr xi Lt +64/9 xr xx L — 512/9 xr xx L} — 256/9 xr XK L
+16/9 x2 L — 16/27 X2 Lt — 32/9x2 L + 256/9 x2 L +32/3 x> L
—128/9 X3 L — 256/27 x5 LL + 256/9 x3 L + 256/9 x5 L%

+256/9 v% Lg) — 192 yr Yie CTo — 64y Yic Cho + 192 X X2¢ Oy

+48 X2 Clg + 16 X3 C3y + 48 X2 C3, + 4 X2 Cyy

+192 X% Cg + 192 % Chy + 192 X% C5; . (2.11)

These results agree analytically with those of Ref. [12]. In Ref. [12] numerical
results were presented. Using the formulas above one obtains much smaller
numerical corrections at NNLO then were obtained there. This effect is mainly
due to the rewriting of the 1/FZ into 1/F2 and to a lesser extent of rewriting
the masses in terms of the physical masses.

Numerical results are presented in terms of the ratio

(@a)v — (G9) 0o

fo = (@9) o

(2.12)
where we calculate both numerator and denominator to NLO or NNLO in
ChPT. As input parameters for F{y and the L] we use the values obtained in
fit 10 of Ref. [15]. In addition, we have set H) = 0. The results for both R,
and R are shown in Fig. 2.3 for xx = (450 MeV)? and three values of the
lowest order pion mass x, = (100 MeV)?2, (250 MeV)? and (450 MeV)?2. The
finite volume corrections to the strange quark vacuum expectation value are
always small. The light quark vacuum expectation value can have sizable finite
volume corrections for the smaller pion mass.

2.4 Comparison and conclusions

The sigma terms in infinite volume are known to two-loop order in ChPT.
Either directly [16] or via the derivative of the meson mass to the quark mass
[12, 17]. The sigma terms are also known for two-flavour case [18, 19, 20].

A major motivation for this work was to test the accuracy of the Liischer
type of finite volume formulas. So, how well do the two approaches compare.
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Figure 2.3: (a) The ratio R,, for three values of the input lowest order pion
mass and yx = (450 MeV)? (b) The same for R, with xx = (450 MeV)? and
Xx = (100 MeV)2, and (450 MeV)2.

At one-loop the comparison is rather trivial since at most one-propagator
can show up in the relevant one-loop diagrams. We can also apply the formula
(2.5) for the different species of meson separately and thus construct the exact
one loop ChPT formula. At one loop the only test possible is thus how fast the
sum over k converges and how quickly it converges to an exponential. This was
already studied in [11] and the convergence to the leading exponential is rather
slow while the sum over k converges faster. We find the same conclusions. The
extended Liischer formula agrees analytically with the full one-loop expressions
and is thus fully accurate.

At two loop level the two formulas have a different behaviour. There are
diagrams now allowing two propagators simultaneously to feel the effect of the
finite volume. A small complication that needs to be taken into account here
is that the Liischer formula is with the infinite volume mass at one loop. Thus
when changing from the lowest order mass to the physical mass in the one
loop formulas this needs to be done with the infinite volume expressions. But,
even after doing this, the corrections are very small. The two-loop calculation
as plotted in Fig. 2.3 is obviously very small. In addition, it is dependent on
precisely how one defines the one-loop order. E.g., there are ambiguities in
using the the physical pion decay constant or the lowest order one, and how
much one uses the Gell-Mann-Okubo relation in the one-loop expression. With
these changes the two-loop calculation can be changed significantly but remains
mostly small. The Liischer formula at this order has also small corrections since
the sigma terms have small corrections at one-loop. We have not plotted it since
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it will essentially be on top of the other curves in Fig. 2.3.

Both the extended Liischer formula and the full two-loop calculations thus
indicate small two-loop order corrections. The actual numerical results of the
two-loop expressions depends strongly on the inherent ambiguities in defining
it. So, both approaches give comparable results at this order, but we cannot
draw conclusions on the accuracy of the extended Liischer formula.

The extended Liischer formula allows also to include effects from even higher
orders by using the sigma terms at higher orders. This quantity is known
to NNLO but its numerical value depends strongly on the input parameters
chosen [16]. There might thus be sizable effects at higher orders but there need
not be.

In conclusion, we have derived an extended Liischer formula for the finite
volume effects on the quark vacuum condensate. We have also calculated these
effects to two-loop order in ChPT. At one-loop order the extended Liischer
formula is exactly equal to the full ChPT calculation. At two-loop order,
the latter includes extra effects, but both approaches indicate very small cor-
rections. The difference is within the inherent uncertainty of the full ChPT
calculation at that order and we thus cannot conclude if the difference is due
to the inherent uncertainty in the two-loop order result or to the effects not
captured by the Liischer formula.
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3.1 Introduction

Since its discovery, the eta particle has been under tense scrutiny, fairly recent
reviews are [1, 2]. The eta decay to three pions is particularly interesting. It can
only happen due to isospin breaking. This implies that the decay rate vanishes
in the limit of equal of up and down quark-masses, ignoring electromagnetic
effects. The very first attempts to explain the decay [3, 4], considering it to be
an electromagnetic decay, resulted in an almost zero decay rate which was in
flat disagreement with experiment.

Later on, a combination of current algebra technique in SU(3) and partially
conserved axial-vector current (PCAC) hypothesis could make a better predic-
tion [5, 6]. This, however, underestimated the observed decay rate by a factor
of a few. PCAC and current algebra were generalized into Chiral Perturbation
Theory (ChPT) and brought into a modern form [7, 8, 9]. The lowest order for
1 — 37 was calculated in [5, 6] and the next-to-leading order (NLO) in [10].
The main goal of this paper is to obtain next-to-next-to-leading-order (NNLO)
expression for this decay.

We give now a short overview of the present situation, closely following the
discussion in [11].

The well-known tree-level result for this decay channel can be derived from
current algebra or ChPT and has the structure

A(s,t,u) = BO(;?%]_:;W) (1 T 355_;;’%) : (3.1)

The prefactor m,, — mg4 shows that the decay is isospin violating or SU(2)y-
violating. The magnitude of m, —mg determines the size of the isospin symme-
try breaking coming from the strong interaction itself. A precise determination
of this quantity is in principle possible here because its size has a direct impact
on the decay rate.

Using Dashen’s theorem this factor can be obtained from the physical meson
masses by removing electromagnetic effects to lowest order. Following the line
of the argument outlined in Dashen’s theorem [12] one arrives at

B(mg —my) = mio — miy —m2e +m2, . (3.2)

Under these circumstances, the theoretical decay width is 66 eV to be com-
pared with 295 eV from experiment [13]. One may consider three potential
sources for this discrepancy. First, the violation of the Dashen’s theorem due
to the electromagnetic interferences increases the value of mg —m,, [14, 15] and
therefore the decay width, but this is not sufficient as will be discusses more
in the discussion section. Secondly, electromagnetic corrections of the decay
amplitude which are of higher order, order e?p?, are safely negligible in com-
parison with the strong interactions as pointed out in [16] where the analysis
of [3, 4] was brought to NLO.
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Finally the contribution of the higher order chiral effects must be taken into
account. Especially since the strong 7m rescattering in the S-wave channel may
develop a significant correction, see e.g. [17, 18]. The NLO corrections were
obtained in [10]. The unitarity correction at one-loop level is about half of the
total NLO effects. This, of course, confirmed the fact that by virtue of a large
eta mass, significant rescattering effects in the S-wave can occur. The vertex
corrections and tree graphs make up the rest of the NLO contribution. The
coupling constants involved at this level can be rewritten in terms of meson
masses except for Lj. In [8, 10] L} was estimated by invoking the OZI (Okubo-
Zweig-Tizuka) rule and comparing with 77 scattering lengths. Their finding for
the decay rate of n — 3w is 160 &+ 50 which is still far from the experimental
value, however with a large theoretical error.

Given the importance of the unitarity correction at NLO, it was deemed
necessary to estimate this part of the corrections to higher order. This can
be done using dispersive methods. In [19], extended Khuri-Treiman equations
are used to evaluate the two-pion rescattering to the decay n — wnwm. They
achieve a moderate modification, an increase of about 14% per cent in the
amplitude at the center of the Dalitz plot. Moreover, another analysis, based
on a somewhat different dispersive method, but also restricting itself to two-
pion rescattering, represented in [20] suggests also a mild enhancement to the
real part of the amplitude in the physical region. A more model-dependent
analysis of dispersive corrections appeared recently [21] relying on combining
U(3) xU(3) ChPT and a relativistic coupled-channels method, finds agreement
with data.

Given all these, our motivation to perform a full NNLO computation is
twofold. First, due to a relatively large strange quark-mass, the convergence
of three-flavour or SU(3) ChPT is an a priori question. The reason hinges
on the fact that the ratio M7 /M? is much larger than M?/M? and there
are possibly large effects as a result of strange quark loops. Three-flavour
ChPT is probably less convergent than two-flavour ChPT, see e.g. [22] for a
discussion. In general, one needs to have several terms available in order to
check convergence. The situation at present is not fully clear, The result for
the vector form factor, K4 and wr-scattering have an acceptable convergence,
while the result for the masses and wK-scattering, seem to converge slower, see
[23] and references therein. Therefore we would like to check explicitly whether
one may treat the strange quark-mass perturbatively for this process, namely
n — 3m. In addition, at NLO the unitarity correction provided only half of the
total correction. It is therefore also of interest to know if the other corrections
are important at NNLO as well. This is known to be the case for Ky, by
comparing [24] and [25].

Our finding shows that the full amplitude up to and including order p®
corrections converges reasonably acceptably but we find larger corrections than
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in [19, 20].

In this paper, we perform the full NNLO calculation of 7 — 37 in standard
three-flavour ChPT. We do this to first order in the isospin breaking quantity
mqy—mg. In addition, we perform a first numerical analysis with this expression.
We have therefore also estimated the order p® coupling constants C7', using a
resonance chiral Lagrangian, assuming that vector and scalars mesons saturate
the C7. In addition, we derive an inequality between the slope parameters.

The layout of this article is as following. In Sect. 3.2 a brief introduction to
Chiral Perturbation Theory is provided. Sect. 3.3 describes how to calculate the
1n — 3w amplitude in the presence of mixing, the kinematics for the decay and
the form of the amplitude at NNLO. We also show the Feynman diagrams and
provides references to how we deal with the loop integrals and renormalization.
A short discussion on our analytic results is given in Sect. 3.4 followed by
our estimate of order p® low energy constants in Sect. 3.5. A main part of
the manuscript is the numerical results and comparison with experiment given
Sect. 3.6. We first present a discussion on the amplitude level, Sect. 3.6.1, then
compare with the earlier dispersive results, Sect. 3.6.2. The main comparison
with experiment is done in Sect. 3.6.3 for the Dalitz plot distributions and in
Sect. 3.6.4 for the ratio of amplitudes. We present the results for the value of R
and @ in Sect. 3.6.5. The App. 3.A contains a discussion on the cancellations
inherent in « and the derivation of the inequality between the slope parameters.
The remaining appendices present our NLO expression and the dependence on
the order p® low energy constants.

3.2 Chiral Perturbation Theory

One approach to address Quantum Chromodynamics (QCD) at low energy is
the application of effective field theories. In [26] and references therein some
basic concepts and a few interesting examples can be found for this method.
As an effective field theory, ChPT is constructed based on the approximate
chiral symmetry of the underlying theory (QCD) and is an expansion in exter-
nal momenta and quark-masses, momenta and meson masses are generically
denoted by p and the expansion is in powers of these. The dynamical degrees
of freedom i.e. pseudo-Goldstone particles, are manifested as a result of the
spontaneous chiral symmetry breaking of QCD. Weinberg [7] systematized the
use of effective field theory as an alternative to the current algebra formalism,
incorporating naturally the chiral logarithms. Gasser and Leutwyler in two
elegant papers presented this expansion including terms of order p* and in-
troduced the external field method [8]. They also formulated the extension to
three light flavours [9]. They found a substantial correction to the w7 scatter-
ing lengths and effective ranges at this order. Reviews of ChPT at order p* are
[27, 28]. This line of work has been further developed to include p® corrections,
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see the review [23]. A more introductory recent review is [29].
The full action consists of subterms with a definite number of derivatives
or powers of quark-masses as shown below

Lepg=Lo+Ly+Ls~+ . (3.3)

The subscript indicates the chiral order. Quark masses are counted as order p?
using the lowest order relation m2 = By (m, + mg). The lowest order chiral
Lagrangian incorporates two parameters and has the form

g

£2:4

(D UDUT) + (Ut + UxT) (3.4)

and the next-to-leading Lagrangian or order p* Lagrangian is given as|9]

Ly = L(D,U'D*U)? + Ly(D,U'D,U)(D*UTD"U)
+L3(D"UTD, UD"U'D,U) + Ly(D*UTD,U)(x'U + xUT)
+Ls(D"UTD, U (XTU + UTx)) + Le(xTU + xUT)?
+L: (XU — xU")? + Ls (X 'UXTU + xUTxUT)
—iLo(FL,D*UD"U" + FL, D*UTD"U)
+Lio(UTFRUF ™) + Hi(FEL PR + FE PP + Hy(xTx) . (3.5)

The matrix U € SU(3) parameterizes the octet of light pseudo-scalar mesons
with its exponential representation given in terms of mesonic fields matrix as

U(¢) = exp(iv2¢/Fy) , (3.6)
where
E + "778 7T+ K+

_ . n
o(z) = m -5t K| (3.7)
— 0 _27]8
K K 7\/6

The covariant derivative and the field strength tensor are defined as
DU = 9,U —ir,U+iUl,, Fl =0ul, — 0,0, —illy, 1], (3.8)

and a similar definition for the right-handed field strength. Here [, and r,
represents the left-handed and right-handed chiral currents respectively. x is
parameterized in terms of scalar (s) and pseudo scalar (p) external densities
as x = 2By (s +ip). In the process discussed in this article we have set s =
diag(my, mq,ms) and p = [, = [, = 0. Finally, the notation (4) = Trp (A),
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the trace over flavours. The SU(3) chiral Lagrangian of order p® contains 94
operators. For its explicit form we refer to [30].

To carry out any practical calculation in a non-renormalizable effective field
theory we need two things. First, a power counting scheme is necessary in order
to organize all the contributing operators to the amplitude in a given chiral
order. For ChPT this is essentially dimensional counting. The dimensionality
of a Feynman graph contributing to the matrix element can be obtained by
using the well-known formulal[7]

D=2+2N,+ Y Ny(d-2) (3.9)
d

where Ny, is the number of loops and Ny is the number of vertices taken from
Lagrangian of order d in chiral order. For the implementation of the renor-
malization program, described below, a dimensional regularization scheme is
considered a practical method, particularly when higher order loops are con-
cerned, since it respects chiral symmetry [8] and it only requires one regulator
for all loops.

Tree diagrams using only vertices from the Lagrangian Lo, provid the lowest
order term in the expansion. In general, tree-level diagrams make up the semi-
classical part of the unitarity of the S-matrix. We thus ought to include loop
effects. The infinities which arise from one loop diagrams with vertices taken
from L5 can not be absorbed by renormalizing Fj and By or rescaling the fields
since these contribute at tree level at a different order in p? from the one-loop
diagrams. This is the property that characterizes the non-renormalizability
of the Lagrangian. The most general Lagrangian at next-to-leading order,L,4
of (3.5), incorporates 10+2 operators with corresponding low-energy coupling
constants (LECs), namely L;, H; and Hs. The L4 provides counter-terms
polynomial in external momenta and masses which are appropriate for the
cancellation of the ultraviolet divergences of the regularized graphs which show
up at one-loop level. We thus split the L; into an infinite and finite L] part,
[7, 8, 9]. By applying the same argument, the construction of the next-to-next-
leading Lagrangian is needed in order to extend our calculation to two-loop
order. This was carried out in [30]. Renormalization at higher orders contains
many subtleties. The procedure used here in discussed extensively in [31, 32].
The full divergence structure at order p* [8, 9] and pb [32] is known. For our
calculation, the cancellation of the divergences is an important cross-check.
The nontrivial predictions of ChPT, the so called chiral logarithms, are due
to infrared singularities in the chiral limit due to the (pseudo)-Goldstone bo-
son intermediate states. Lattice QCD computations support this logarithmic
behavior when compared with ChPT results evaluated in finite volume [33].

The part not determined by ChPT, the LI and higher order LECs, CT
at order p®, encode the information about higher scale physics which has no
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dynamical role in our effective field theory and they gain no constraints from
the imposed chiral symmetry. They are thus the full freedom allowed by the
chiral symmetry Ward identities. For many processes it is turned out that
the chiral logarithms do not saturate the amplitude, making the determination
of the LECs, an important task. The predictivity of ChPT is limited by the
determination of these unknown parameters. Fixing the free parameters in
the theory gives rise to a unique low-energy theory for QCD. To this end
both theoretical, including Lattice QCD, and phenomenological approaches
are needed. Often used is the large N, limit in the form of Zweig’s rule which
requires suppression for the NLO LECS 2L7—L5, L, and Lg. This together with
the 7 scattering analysis determine the L7, L; and Lj and has been tested in
the more accurate determination of these constants from Ky4. The LECs L,
L% and Lg are involved in the higher order corrections to the decay constants,
meson masses and Gell-Man-Okubo relation and therefore directly related to
quantities which are experimentally obtainable. Moreover, the electromagnetic
charge radius of pion and radiative leptonic decay of pion fix the value of L§
and L7, respectively. Detailed discussion on determination of p* LECs are
given in [9] at order p® in [23, 25, 34].

On the other hand, systematic extension to effective field theories incor-
porating the resonance fields may provide a profound theoretical ground to
ultimately underpin the values of the LECs. Resonance field methodology
takes its original form in Sakurai’s hypothesis of vector meson dominance. It
was worked out at order p* by [35]. We will only use it for order p® LECs
in the simplified form discussed in Sect. 3.5. More systematic approaches at
order p® exist [36] but there are also caveats to be observed from short-distance
constraints, both positive and negative [37, 38].

3.3 Eta decay amplitude: formalism

3.3.1 Matrix-elements in the presence of mixing

In this section we explain how to calculate matrix-elements by the use of the
Lehmann-Symanzik-Zimmermann (LSZ) reduction formula in the present of
mixing. This is a generalization of the discussion in [34] Sect. 2, to the case
needed here. The scattering amplitude is basically the residue of the Fourier
transformed Green function in the limit where all the outgoing particles go
on-shell.

For the case of n — w7~ 7%, the mixing occurs in the two external legs
involving neutral particles pion and eta as illustrated in Fig. 3.1. For the
decay n — 7%7%7% mixing is relevant in all four external legs. In [34] two-
point functions were analyzed in all generality as well as amplitudes where one

external leg could undergo mixing. Here, we reiterate some basic ingredients
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rg

LN

Figure 3.1: The full four-point Green function is represented. The Oval stands
for the amputated four-point Green function and circles indicate the full two-
point functions. The solid lines are external mesons and the dashed lines labeled
by i and j, indicate the sum over states implied in the two external legs where
mixing occurs.

introduced there and will lead to derive a general formula that relates the
amputated four-point Green function to the scattering amplitude order by order
in perturbative expansion of n — 7tz 7Y In the ChPT calculation we only
retain terms to first order in isospin breaking, we therefore can use the relation
(3.29) and do not need a more general formula for  — 777% to all orders in
the mixing.

The amplitude or matrix-element for a process with n ingoing and outgoing
particles can be expressed in the form

A, i, = <(_2)> H lim (kZ —m?2)Gy,..4, (k1,..., k). (3.10)

Zil /A i kZ—m?

The function Gy, ;. (k1,...,ky) is the exact n-point Green function® and the
coefficients Z; are defined as

iZ;

Gii(p* = m? = .
”(p ) p? 7m22phys

i phys (311)
These are often called field-strength or wave-function renormalization factors.

We begin by decomposing the full four-point function into the amputated
four-point function and four full propagators or two-point functions for the

external legs.

G1238 = Gll(p2 ~ m%phys)G22(p2 ~ m%phys)

G3i(p2 ~ mgphys)GSJ (p2 ~ m%phys)glmj . (312)

3We consider as operators that are in the Green functions the fields as present in the
Lagrangian. The formula is valid for all operators with a nonzero coupling to single-particle
states.
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Subscripts in Gya3s are designated for the four external particles* namely,
1 2 3 8 . . . .. . . .
m, %, m°and 7°. A summation over the possible values of 7, j is implied in
(3.12). Notice that what we observe as particles are those in the physical basis.
The numbering in (3.12) and the rest corresponds to the labeling of the fields
in the Lagrangian. We express the amputated Green function Gi2;; in terms of

the contributions at the different chiral orders:
Groij = Gial; + Olaly + Gl + - - (3.13)

In view of the fact that only the two fields associated with the neutral pion
and eta particles mix, the relevant two-point functions G;; constitute a two-by-
two matrix G = (G;;) with ¢,j = 3,8. This can be done since the only nonzero
off-diagonal elements are Gzg = Gg3. For this matrix we define G=! = —iP
and P can be written as P = P~! + II. P~ = diag(p? — m3)) is the matrix
of (inverse) lowest order propagators. We assume here that the fields in the
Lagrangian have been diagonalized to lowest order. The quantity II denotes
the sum of all the one-particle-irreducible diagrams as shown pictorially below.

iIly,, = k_‘_m

The function G in matrix form is as follows

o2y — i Pss(p?)  —Pas(p?)
0= 60" = i —7h (P Pa ) G10

The denominator is in fact det P(p?) and vanishes at the physical masses given
by poles in G. One may exploit detP(p?) = 0 to obtain the perturbative
corrections to the bare mass [34]. By expanding the denominator around the
physical mass and knowing that det P(p?) vanishes at the limit of physical
mass, we can then identify the field-strength factors for the neutral pion and
eta as

1 1
Z3 - 5 P88(m$r) ; ZS = 5 ’ng(mi) .
7p7 (det P(p?)) e a2z (det P(p?)) -
(3.15)
We define -
Zis = g 3.16
o | (3.16)
iphys

and expand also the remaining quantities by chiral order

Ly =00 +09 +.., Zy=1+20+20+ . (3.17)

4We use a somewhat generic notation here, 1,2 for the nonmixing external legs and 3,8
for the mixing external legs corresponding to 7% and 7.
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Note that by definition II only starts at NLO in the chiral expansion.

We now have all the ingredients to put in (3.10) and perform the chiral
expansion for the amplitude. We obtain using Z;; = Zso and Ilsg(p?) =
Ig3(p?) up to order p°:

Ai23s = A1238 + A1238 + "41238 '7 (3.18)

2 2
AR = Gioks (3.19)

-
4 4 4 2
1238 = g§2)38 - <Z£1) + 2Z§3) + Qzés)) g1238 38 g1288 ij g§23337
5

(3.20)
6 1 6 6)
Agz)gg = g1 5 ( Z§1) + Z?E?,) Zés ) g1238
4
_§< £ )+Z§3)+Z8 >g1238
3 )2 4) N2 L2
"'g ((Z:g?,)) + (Zs(as ) ) g1238 + (Zzg?,)) g§22’>8
1w 1w @ 1w ¢ 2
+ <Z§3) Zés) + §Z£1) Zil) + §Z£1) Z£1)> g£22’;8
 Tas(3)™ M3s(3) 7 o) 3s(8) ) ) Hss( ) Mas(3) 7 -2
AmZ 1288 AmZ Y1233~ 1288
 Tss(8)© H3s(8)7 o2 T3s(3)™ Mgs(3)™ )g n I35(8) ™) Tgg(3)™)
A % 1233 Am% 1288 Am%
@wzs(3)W  yss(3)® |y as(3) WY 2
3 <Z:33 Am? + Zgg Am? + Zy; Am? 1288
L[ ass(8)® () II35(8)® @ Mss(8) M\ o)
+§ <Z33 Am2 88 T A2 + Zy; Am2 Giazs- (3.

We defined the abbreviations Am$ = m2 —m? and Am3 = m2 —mZ with

first a physical mass and the second term the lowest order mass. HE?(I ) are
evaluated at the physical 7° mass for I = 3 and at the physical 1 mass for
I =38. The gmj are evaluated at the physical charged pion mass for the legs
with indices 1 or 2 and at the physical 7° mass for the leg labeled i and at

the physical n mass at the leg labeled j. The set of terms are shown at the
different orders.

(2)
1233

21)
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3.3.2 Kinematics and isospin

We write the amplitude for the decay n(p,) — 7+ (p+)7~ (p—)7°(po) using the
Mandelstam variables

s = (pr+p)"=(py—po0)?,
= (pr+p0)* = (py—p-)°,
u = (p-+po)* = (py—ps)*. (3.22)
These are linearly dependent
s—i—t—l—u:mio—&—mi,+mi++m727£350. (3.23)

Due to the SU(2)y symmetry breaking the isospin basis and physical basis
in the 7%-n subset do not coincide. To diagonalize the mass matrix and con-
sequently the two-point functions at leading order we perform the following
transformation and find the corresponding lowest order mixing angle

w3 = mcos(e) —nsin(e)
ng = wsin(e) + 1 cos(e) (3.24)

The lowest order mixing angle is

tan(2e) = Y3
2 mg—m
m = (my+mg)/2. (3.25)

G-parity requires the amplitude to vanish at the limit m, = my and therefore
it must inevitably be accompanied by an overall factor of m, — mg which we
have chosen to be in the form of sin(e).

A(n — 7tr7%) = sin(e) M (s, t,u) (3.26)
Since the amplitude is invariant under charge conjugation we have
M(s,t,u) = M(s,u,t). (3.27)

Note that the isospin breaking factor which is pulled out is different in different
references, [10] and [39] use different quantities. We have chosen sin(e) since it
is the factor that naturally shows up at lowest order.

For the eta decay to three neutral pions, the amplitude must be symmetric
under the exchange of pions (Bose symmetry) and this together with isospin
symmetry and using the fact that the decay is caused by the AI = 1 operator
(1/2)(my — mq) (@u — dd) implies

A(n — 7°7%7%) = sin(e) M (s, t,u) (3.28)
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with

M(s,t,u) = M(s,t,u) + M(t,u,s) + M(u,s,t). (3.29)
This relation is only true when isospin breaking in the amplitude is taken into
account to first order only. M(s,t,u) and M (s,t,u) are treated in the isospin
limit. We will work in this limit in the remainder of the paper.

3.3.3 A simplified form for the amplitude to order p°

The scattering amplitude can be represented in terms of components with def-
inite isospin assignments as[20]

M(s,t,u) = Mo(s) + (s —u) My (t) + (s — t) My (u) + Ma2(t) + Ma(u) — §M2(3) :

(3.30)
The function My(z = s,t,u) indicates scattering in the kinematic z-channel
with total isospin I. Analyticity, unitarity and crossing symmetry as imposed
on the S-matrix, give rise to this exceptionally useful representation. For the
derivation and detailed discussion for the case of mm we refer to [40]. This
relation only holds up to O(p®).

The argument is based on the fact that nonpolynomial dependence on s, t, u
is related to an absorptive part via unitarity. Up to order p® there are only
absorptive parts in the two-pion S and P-waves and then using isospin one
derives the form (3.30).

It is important to note that the polynomial part of the amplitude cannot
be split uniquely into M functions since the relation s + ¢t + u = 3sq allows
a different redistribution of the said part to the Mys. A list of the equivalent
redefinitions for the case of K — 37 can be found in App. A of [41]. The choice
we made is to remove as much as possible first out of Ms and then out of Mj.

Eq. (3.30) makes the formidable task of handling two loop expressions much
more manageable and we indeed confirmed explicitly the validity of Eq. (3.30)
for the decay n — 777~ at O(p°).

Note that the neutral decay amplitude can also be expressed directly in
terms of the M;(t),

M(s,t,u) = Moy(s) + Mo(t) + Mo(u) + % (Ms(s) + Ms(t) + Ma(u)) . (3.31)

when using the isospin relation (3.29).

3.3.4 Feynman Graphs

We have collected all the amputated Feynman diagrams needed for this process
according to the ChPT power counting scheme introduced in Sect. 3.2. In these
figures a filled circle denotes a vertex of order p?, a filled square a vertex of
order p* and the grey filled square a vertex of order p°.
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Figure 3.2: The Feynman diagrams of order p?, (a) and of order p*, (b)-(d).
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Figure 3.3: Feynman diagrams of order p°.

3.3.5 Regularization, renormalization and integrals

As a regularization method we use dimensional integration. The regularization
method is described in detail in [31, 32].

The one-loop functions needed are defined in many places. We use the defi-
nitions as given in [42, 25, 43]. The two-loop integrals we evaluate numerically
using the methods described in [42] for the sunset integrals and in [43] for the
vertex integrals.

In addition to the integrals given there, we also need derivatives w.r.t. one
of the masses in order to be able to pull out the overall isospin breaking factor
in the amplitudes. For all the one-loop integrals needed, these derivatives can
be derived exactly. An example of a relation we derived, needed to obtain
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agreement with the order p* result of [10] is

C(m?,m?,m? p?) = —=B(m? m2p

( P) = gugBmtmdat|
2 B2 2 2\ P2 2 2

= —pZ4m2<B(m,m7p)—B(m,m70)—167T2 .

(3.32)

For the two-loop integrals, we have taken the derivatives numerically.

3.4 Analytical results
3.4.1 Order p?

At leading order there is one tree graph from Lo to compute since we have
already diagonalized the fields in the lowest order Lagrangian. The lowest
order decay amplitude takes on the form

1 /4

MO (s) = 2 (g m2 — 5) (3.33)
using the identity s + ¢ + u = 3s¢. F, and m, are the physical pion decay
constant and the physical pion mass respectively, which involve corrections
of order p* and pS. The higher order corrections due to the redefinition of
the parameters are carried to the respective amplitude of order p* and pS.
This agrees with the known lowest order results [5, 6, 10] but is written in
a somewhat different form. We have chosen this form since it brings out the
Adler zero explicitly.

3.4.2 Order p*

At this order we obtain vertices from Lo to construct the tadpole, Fig. 3.2(c)
and the so-called unitarity graphs Fig. 3.2(d) and in addition, the tree diagram

from L4, Fig. 3.2(b). These are the diagrams contributing to Qgés of (3.20).
The second set of terms in A§‘§)38 in (3.20) is from what is usually called wave

function renormalization. The final two terms in A%)gg of (3.18) are what are
called the mixing corrections®.

The sum of all the contributions described in Eq. (3.20) gives the full one-
loop amplitude. G-parity requires the amplitude to be proportional to sin(e)

as was the case at leading order. This does not occur explicitly at order p*,

5In our calculations, lowest order mixing is dealt with exactly. The mixing at higher
orders is dealt with perturbatively.
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because now isospin is broken in the meson loops. In order to pull out an
overall mixing angle we then carry out a Taylor expansion of the loop integrals
involving two charged kaons around the neutral kaon mass. The amplitude is
written as

1
MW (s,tu) = o5 |Mg? () + (s = w) M (1) + (s = )M (w) + My" (1)
4 2
+M2()(u)—§M2()(s) . (3.34)

The full expression at O(p*) for the M®(t) can be found in App. 3.B. There,
all the masses and the pion decay constant are the physical ones. We have taken
the expressions at lowest order and one-loop order and added the correction
terms needed at the higher orders to bring them into the form we show in (3.33)
and App. 3.B. and are corrected up to order pb. We retain all the p* effective
constants in our expression, in contrast to [10] where all but Lz are eliminated
in favor of measurable quantities. We have also found our analytical results in
full accord with that in [10].

3.4.3 Order p°
We again split the amplitude as in (3.30).

1
MO (s,tu) = 25 | Mg () + (s = WM (1) + (s — ) M{” ()
2
FM0 (1) + M5 (u) = S (s) | (3:35)

However, the order p® expression is extremely long. The dependence on the
order pb LECs is given in App. 3.C. We split the result in several parts

MOy = ME(t) + MEV (1) + MT (1) (3.36)

ME (t) contains the contributions from the order p® LECs, MFE(t) contains
the contributions that involve the order p* LECs and M/ (¢) is the pure two-
loop contribution, only dependent on the masses of the pseudo-scalars. M7 ()
itself we split in the parts coming from vertex-integrals, sunset-integrals and
the rest. The latter split is definitely not unique. It depends on how many of
the relations between the various integrals are actually used and we observe
strong numerical cancellations between its different parts. We therefore only
quote numerical results for M7 (t) as a whole.

The calculation has been performed independently by each of the authors,
the divergences agree with those of the general calculation [32] and nonlocal
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divergences cancel as required. We have also checked explicitly that the am-
plitudes can be brought into the form (3.30). The numerical results are also
done twice and we have checked that they agree. Finally, u-independence has
been checked numerically and found to be satisfactory. The latter is not exact,
since we have expressed the order p* and p® in the physical masses and there
is a residual p® u dependence left over. We do observe a strong cancellation
between the order p* and p® p-dependence as expected.

3.5 Resonance estimates of the p° LECs and the
inclusion of the 7/

Chiral symmetry imposes no constraints on the values of the low energy con-
stants, nevertheless these constants do depend on the parameters of the un-
derlying theory, QCD, namely the masses of the heavy quarks and the scale
Agcp. Hence, all the LECs may be determined from first principles employing
the Lattice QCD technique. At order p*, most of the LECs have been deter-
mined phenomenologically and some of them are checked numerically by the
use of the Lattice QCD [44]. At the present time, only very few of the order
p% LECs are estimated using available data[23]. In this section, we will discuss
briefly how to do an approximate estimation of the LECs within the framework
of the resonance effective field theories. In the limit N, — oo, the matching
of the QCD and ChPT might become feasible since now, an infinite tower of
massive narrow hadronic states emerge. With these states one can construct
a chiral invariant Lagrangian incorporating both Goldstone mesons and reso-
nance fields. In practice one has to do a truncation on the hadronic spectrum
and limit the resonance multiplets to low-lying excitations. The construction of
the p* resonance Lagrangian is discussed in the pioneering works[35, 37]. The
extention of the earlier works to O(p®) is presented in [36]. In the following we
present a resonance Lagrangian at order p® with the vector realization of the
vector fields, [35, 36] use the antisymmetric tensor formulation. The exchange
of axial-vector resonances does not contribute to the process 7 — 3w and they
are not discussed here. We do, in addition to the lowest vector nonet, include
the pseudo-scalar singlet and a scalar nonet.

The building blocks one needs for the construction of the Lagrangian take
the form

Po= WIDrUW with W2 =U,
e = ulyul +uxfu. (3.37)

u

These transform as an octet under SU(3)y using the general CCWZ construc-
tion®.

6See Refs. [35, 36] for a more extensive discussion and references
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The resonance fields are counted as order 1 in the chiral counting. We do
not include the complete possible list of terms here but restrict to a smaller
subset which contains the lowest order interactions of the resonances in our
chosen representation for them. This is the same subset of possible terms used
in most of the work on NNLO ChPT. We only show the terms relevant for
1 — 37 here. For the vector fields we use as Lagrangian

igV wo v m
EG/W[“ ) 4 fe(Valu, x-1) -
(3.38)

Vi =V, V, =V, V, and the matrix content of the vector field reads in terms
of the more familiar observed particles

1 o1
Ly = =V V) + S (V, V) -

w
= 4+ = p+ K*t
V2 V2 .
vV, = _ P w I (3.39)
- =4+ = K
g V2 V2
K*~ K )

m

The singlet component does not contribute to order pb for n — 3. For the
scalar meson nonet, the matrix of fields S, we consider

Ls= %<v#sv#s — M2S?) + cq(Sutu,) + e (Sxs) (3.40)

At tree level integrating out the heavy fields is equivalent to applying the
equation of motion for the elimination of the heavy fields. To solve the equation
of motion we perform a perturbative expansion of the resonance field with
coefficients in increasing powers of 1/Mp (Mg, the resonance mass) and then
solve the equation of motion recursively. We obtain for the Vector V# and
Scalar S resonance field

igv 1
V/L - — vy uu’ult o u“7 R
V2M2 [ ] M‘Q/fx[ X-]
Cd C Cd N c
S = m(uuu“) + ]\;%, (x+) + 2M§V Vo (uut) + 2]\'2‘91 (VMVMX-F) e

(3.41)

Substitution of (3.41) in the Lagrangians (3.38) and (3.40) we obtain the effec-
tive action from V| S-exchange[31, 25]

v = g (o Tl = fvEe ) ) ea
Ls = 2]\1/[§<(cdvy(uuu“)+cmvy><+)2> (3.43)
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The resonance couplings were determined in [31, 25, 35]. The values we use are
fx =-0.025, gy =0.09, cn=42MeV, cq=32MeV, (3.44)

and for the masses we use
my =m, = 0.77 GeV,mg = 0.98 GeV. (3.45)

The 1’ plays a significant role in processes involving 1 due to the n — 7’
mixing. Within the quark model, " and 7 mix because of the SU(3) symmetry
breaking. In the chiral limit the pseudo-scalar octet becomes massless but the
7’ has a residual mass as a result of the axial U(1) anomaly. In the combined
chiral and large NN, limit, however, a nonet of Goldstone particles emerge and
this provides a perturbative framework to investigate the dynamical interplay
between 7" and Goldstone particles, see e.g. [45, 46].

One important result is the saturation of the low energy constant L by the
1’ exchange[9]

LY d’%‘ 3.46
Y = (3.46)

We therefore perceive the ' dynamical effects at order p* through its contri-
bution to the effective constant L;. In the light of this realization, the n — o’
mixing effect on the C; involved in the decay n — 37 can be obtained by con-
structing an appropriate U(3) Lagrangian at order p®. That n — n’ mixing can
be treated perturbatively for the decay n — 37 is discussed extensively in [45].
We take for the singlet degree of freedom P; the simple Lagrangian

1 1 -
Ly = 5aﬂplaqu1 - 5Mg,Pl2 +idy Pr{x_) . (3.47)

Integrating out Py leads to the order p* term with L7 of (3.46) and the order
p® Lagrangian

J2

L = —
K 2M,),

9, (x_)0" (x_) with d,,, = 20 MeV. (3.48)

The latter can be rewritten in general in terms of the basis of operators of [30].
The result is”

2 1 1 2 1
Ou(X—)0u(x-) = O+ §019 - 5020 + 5021 + 2097 + 5031 - 5032

1 8
+§O33 — 2035 + O37 — 5094 . (3.49)

"This was derived by the authors of [25] but not included in the final manuscript. It
agrees with the expression shown by Kaiser[47].
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T Ba Rah RBE RG Raw  RBG RLG
M2 VaMZ  ME M3 M ME M,

1| 1/8 —1/4
4 1/8
5 1/2
8 1/2
10 -1
12 ~1/2
18 —1/2
19 1/27 -1/9
20 —-1/18 1/6
22 1/16 1/2 1/8
24 | 1/12 ~1/6
25 —3/8 -1 1/4
26 7/36 1 1 -5/36 —-1/2 —-1/4
27 | —1/36 1/18 1/3 -1
28 1/72 —1/36
29 | —11/72 -1 -1 1/18 —1/2 —1/4
31 —7/18 —1/3
32 —-1/18 1/6
33 2/9 -1/6

Table 3.1: The resonance exchange estimates of C; contributing to n — 3.
The vector exchange results are taken from [48] scalar exchange from [36]. For
the singlet eta contribution, see text. The result for the C7 is the top row
multiplied by the coefficients given in the table. Only nonzero coefficients that
also contribute to n — 37 are given. We use here the dimensionless version of
the C7. Only terms relevant for n — 37 are shown.

We have derived the contribution to n — 37 in different ways. An option
is to evaluate explicitly the resonance exchange directly from the Lagrangians
with resonances. The second method is as described above, to evaluate the
exchange in general in terms of an effective Lagrangian of the pseudo-scalars
only and then calculate with that one. The third option is to rewrite the
contributions from vector and resonance exchange in terms of the order p®
ChPT Lagrangian [32]. The latter can be done for the scalar octet using the
results of [36], for the vector nonet using [48] and the pseudo-scalar singlet
using (3.49). We have checked that the first method also gives the Lagrangians
(3.42) and (3.43) and that the 2nd and third method in the end give the same
contribution to 7 — 3m. The results for the C; are quoted in Tab. 3.1. In the
numerical estimates we have used Fy = F.
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Figure 3.4: (a) The order p?, p* and p® contribution to —ReMy(s). (b) The
order p® contribution to —Mjy(t) split into its parts, the contribution from
vertex-integrals (V), sunsetintegrals (H) and the remaining pure two-loop part
as well as the L}-dependent part.

3.6 Numerical results

3.6.1 A first look

In this section we present some plots of the amplitude to give a first impression
of how the higher orders look like. We start with figures showing different
contributions to My 1.2(s). It should be noted that since terms can be moved
around between the M;j(s) these figures cannot be used to check whether we
have convergence or not. They are shown for illustration only. We have actually
plotted the negative of the quantities defined earlier, this makes the size of the
corrections easier to judge.

The input values we use are the physical eta mass, m, = 543.7 MeV, the
average Kaon mass removing electromagnetic effects, myg = 494.53 MeV and a
pion mass such that s+t+u = m% +3m2 is satisfied for the charged and neutral
decay. So we use 3m2 = 2m?2, + m2, for the charged decay and m2 = m2,
for the neutral decay. More general plots were always done with the mass as
for the charged decay. The order p* LECs are set to the values for fit 10 of
[34] and we have set the order pb LECs equal to zero. The subtraction scale is
w="T70 MeV.

In Fig. 3.4(a) we show the contributions of order p?, p* and p% to My(t).
One sees an acceptable convergence in the physical domain for the decay. In
Fig. 3.4(b) we show how the different parts contribute. As one can see, there
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Figure 3.5: (a) The order p?, p* and p® contribution to —ImMy(s). (b) The
order p* and p® contribution to —ReM;(s).

are sizable cancellations in the order p® contribution. In Fig. 3.5(a) we show
the various contribution to the absorptive part of My(s). We see that the
total p® is about the same size as the order p* one. To be noted is the three
particle cut that contributes first at order pS. This allowed Mjy(s) to have an
absorptive part also below the two-pion threshold. This cut gets contributions
from the vertex- and the sunset-integrals, diagrams in Fig. 3.3(f) and (g). As
expected, this cut gives a rather small contribution. We also show a case where
the convergence looks bad, Mj(s) shown in Fig. 3.5(b). When we look at the
full amplitude this large correction is not visible. It seems to be tempered
sufficiently when all the different M;(s) are summed as in (3.30).

To see this, let us look at the amplitude along the line v = ¢ as a function of
s for the full amplitude. Here we plot first our full result. In Fig. 3.6 we show
the order p?, the sum of order p? and p* and finally the sum of order p?, p*

and order p®. Note the shift in the Adler zero in going from order p? to order
4

p*.

As a final part here we show the dependence on the subtraction constant .
As mentioned above, our full result is u-independent to the order it should be
with a cancellation between the variation at NLO and NNLO. The p-depen-
dence creeps in via the estimate of the C7 and at which scale p it is applied. In
Fig. 3.8 we plot the real part of the amplitude to NLO and NNLO at p = 0.6,
0.77 and 0.9 GeV. The variation with p is fairly small.
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Figure 3.6: The amplitude M(s,t,u) along the line ¢ = u. The vertical lines
indicate the physical region. (a) Shown are the real and imaginary parts with
all parts summed up to the given order. (b) Same plot but the contribution
from the C} has been removed.
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Figure 3.7: The amplitude M(s,t,u) along the line ¢ = u. The vertical lines
indicate the physical region. (a) Shown are the real and imaginary parts with
all parts summed up to the given order but the contribution from the L] and
CT have been removed. (b) Same plot but showing the various parts.
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Figure 3.8: The amplitude M (s,t,u) along the line t = u to NLO and NNLO
order for three choices of the subtraction point p, i.e. three choices at which
the estimate of the C7 () is applied.

3.6.2 Comparison with the dispersive result

Since long ago it has been known that the decay amplitude of  — w77 receives
a sizable enhancement due to the loop correction at O(p*) [10]. In fact it
turned out that a large part of this correction comes from 77 rescattering in
the final state as expected[17, 18]. This has prompted two different analyses
using dispersive methods. They both restrict themselves to wm-rescattering
but differ in how the subtraction constants are determined and in how the
dispersion theory is used. Ref. [19] used the Khuri-Treiman equations and fixed
the subtraction constants by comparing with the one-loop expression at various
kinematical points. Ref. [20] generalized the reasoning behind [40] to obtain a
series of dispersion relations for the Mj(t) defined in (3.30). Their predictions
on the decay width are in agreement within the quoted uncertainties, [20] finds
I' =219+22 eV and [19] obtain I" = 209+20 eV. Both used Dashen’s theorem
and the then known value of L% to fix the overall constant. These, however,
must be compared with I'c;, = 295 eV which provides a check on Dashen’s
theorem [39]. On the other hand, as emphasized in [11, 49], they have a rather
different behaviour in the phase space distributions. This is shown in Fig. 3.9.
It can be seen that the slope in [19] is smaller than the order p* results while
[20] has a larger slope than the one-loop result. The latter also follows from the
very simplified dispersive analysis performed in [11] shown in Fig. 3.10(a). The
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Figure 3.9: (a) Decay amplitude obtained by use of extended Khuri-Treiman
equations[19] along the line s = u. (b) Alternative dispersive analysis for the
decay amplitude[20]. Figs. from [49], adapted from [19, 20].

general feature of the result of [20] seems to be robust against small changes.
One motivation for the present work is to check these predictions and see if other
effects could be important as well, at order p* only about half the correction
came from the unitarity correction.

We can now compare the same plot coming from our full NNLO calculation
shown in Fig. 3.10(b). The total order pS correction is somewhat larger than
observed in [19, 20] but the trend is definitely in better agreement with [20].

In [20] the fact that the position of the Adler zero did not change much from
LO to NLO was used to determine the subtraction constants. In Fig. 3.11 we
show a blowup of the region around the Adler zero. As can be seen, the position
of the zero in the real part varies a bit by going from LO to NLO and then
almost moves back at NNLO. This is not incompatible with the observation
of [20], we use a slightly different version of NLO then the one in [10] and
use different input parameters resulting from the order p® determination of
LECs [34]. The current algebra prediction for the Adler zero® is s = $m2,
independent of t. The NLO effect produces a t dependent shift in the zero for
the real part. A fairly large positive shift occurs along the line ¢ = u going
from LO to NLO and a smaller negative shift from NLO to NNLO as can be
seen in Fig. 3.7(a). Along the line s = u, a smaller positive shift appears from
LO to NLO at s = 1.70 m?2 shifting to s = 1.17 m2 at NNLO. The effects on
the slopes can be judged from Figs. 3.7(a) and Fig. 3.11.

8We take here the zero of the real part of the amplitude as the Adler zero.
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Figure 3.10: (a) The simplified analysis of [11] which shows the same general
behaviour as the result of [20] shown in Fig. 3.9(b). (b) Our result for M (s, t, u)

at s = u.
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Figure 3.11: M (s,t,u) along the line with s = u concentrated along the Adler

Zero.

3.6.3 Dalitz Plot Parameters

In general we use the data averages of the particle data group (PDG)[13].
For the distributions in the Dalitz plot the PDG presents no averages. This
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Exp. a b d
KLOE [50] ~1.090 4+ 0.00573:9%  0.124 +0.006 + 0.010  0.057 4 0.006 79597
Crystal Barrel [51] —1.224+0.07 0.22 £0.11 0.06 £ 0.04 (input)
Layter et al. [52] —~1.08 +0.014 0.034 + 0.027 0.046 + 0.031
Gormley et al. [53] —1.17 + 0.02 0.21 +0.03 0.06 + 0.04

Table 3.2: Measurements of the Dalitz plot distributions in n — 7tz x°.

The parameters are defined in Eq. (3.51). The KLOE result [50] for f is
f=0.14+£0.01 + 0.02. None of the others determined f. The Crystal Barrel
used d as input, but remarked that a and b varied very little within the range
of d used.

distribution is usually described in terms of the variables

T, —T_
r = 3—+H————
Qn
3Ty
y = -1
@y
Qn = My —2m + — Mo (3.50)

for the charged decay. T" is the kinetic energy of pion 7’ in the final state. The
standard parameterization of the Dalitz plot is (up to third order)

IM[* = Af (14 ay + by? + da® + fy° + g’y +--) . (351)

Odd terms in x are forbidden by charge conjugation, all experimental results
find them compatible with zero and since all most precise experiments have
presented fits with the odd terms set to zero we use those. f has only been
measured by KLOE [50] and no experiment has attempted to determine g.
Earlier experiments that only determined a and b are not included. The results
are shown in Tab. 3.2. There are discrepancies among data which are hard for us
to discuss since correlations are important. There is however a clear discrepancy
between KLOE[50] and Gormley et al.[53] for a, KLOE[50], Gormley et al.[53]
and Layter et al.[52] have three rather incompatible numbers for b. The results
for d are all compatible.
Similarly the neutral decay is parameterized by

=9 -9 2 3Ez —my 2
i=1,3 a

E; is the energy of the ith pion in the final state. The parameter o has been
measured by several experiments. There are two recent high precision measure-
ments but they are in disagreement, however, KLOE published a new analysis
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Exp. «@

KLOE [54] —0.027 +0.00415-95¢
KLOE (prel)[55] —0.014 £ 0.005 + 0.004
Crystal Ball [56] —0.031 £ 0.004

WASA/CELSIUS [57] | —0.026 +0.010 +0.010

Crystal Barrel [58] —0.052 £0.017 £ 0.010
GAMS2000 [59] —0.022 4 0.023
SND [60] —0.010 = 0.021 % 0.010

Table 3.3: Measurements of the Dalitz plot distribution in n — 7%7%7°. The
parameter « is defined in Eq. (3.52).

very recently. Let us now discuss how to extract the Dalitz parameters in chiral
perturbation theory. First for the charged decay. The Dalitz plot variables x
and y are related to the kinetic energy of the outgoing particles. In terms of
Mandelstam parameters they are given as,

V3

x = anQn(uft)
- 7 )ty 1 P - 3.53
Y = o ((my =me)” =) =1 = 505 (50 =5) - (3:59)

The first equality is valid in general, the second only in the isospin limit. Our
amplitudes are in the isospin limit, with a common pion mass everywhere. The
physical value gives @, = my, — 2m,+ — m o = 0.13318. For the pion mass we
used, 3m?2 = 2m727+ —|—m3r07 we get @, = 0.13313 MeV. So the value of @Q),, is fine.
In the isospin limit, x = y = 0 and s =t = u = sg coincide. In the physical
case there is a small difference, s =t = u = sy corresponds to y = —0.052.

We evaluate the decay amplitude M (s, t, u) in the s-t plane over the physical
region. Since only two variables s and ¢ are independent the relation s+t+u =
m2 +2m?2, 4+ m2, is used to eliminate the third Mandelstam variable u in the
amplitude. We then fit (3.51) to the amplitude [M[? = |[M® + M® + M (©))2
with as error A = ReM©Re(M @) + M@ + M©)) + Tm M OTm (M@ + M@ +
M), This is half of the NNLO contribution. The fitting error quoted in the
result (3.54) is from this error, not from errors in the input values of the C and
other LECs. For y we used the second expression in (3.53). The fits have been
performed to |[M®@ 2, |M®) + M® |2 and |[M® + M® 4 M(©)]2 labeled LO,
NLO and NNLO respectively. In NNLO we have studied the effect of setting
the C] = 0 and setting L} = C] = 0 and in NLO for L] = 0. In addition, we
have checked how much changing y from the second to the first expression in
(3.53) changes the results, labeled NNLOp as well as including the ¢g term and
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A2 a b d f
LO 120 —1.030 0270 0.000 0.000
NLO 314 —1.371 0452 0.053 0.027
NLO (L% = 0) 235 —1.263 0.407 0.050 0.015
NNLO 538 —1.271 0.394 0.055 0.025
NNLOp 574 —1.229 0366 0.052 0.023
NNLOq 535 —1.257 0.397 0.076 0.004

NNLO (. =0.6 GeV) | 543 —1.300 0.415 0.055 0.024
NNLO (¢ =0.9 GeV) | 548 —1.241 0.374 0.054 0.025

NNLO (CT =0) 465 —1.297 0.404 0.058 0.032
NNLO (L} =CI =0) | 251 —1.241 0.424 0.050 0.007

dispersive[19] — -—1.33 026 0.10
tree dispersive[11] — —-110 033 0.000 —
absolute dispersive[11] | — —1.21  0.33  0.04 —

Table 3.4: Theoretical estimate of the Dalitz plot distributions in n — 7 +t7~=°.
The parameters are defined in Eq. (3.51). The line labeled NNLO is our central
result.

the terms with z*, 2y?,y*, labeled NNLOq. The results are given in Tab. 3.4.
The changes in going from NLO to NNLO are rather modest, the main change
is the overall normalization A2. The linear slope a is lowered somewhat but
not enough to reach the most recent experimental value. The same comment
applies to the quadratic slope b. d is in agreement with the experimental values.
f is always much smaller than the measured value of KLOE. The results from
the dispersive calculations using Khuri-Treiman[19]° and the simplified analysis
of [11] with two different boundary conditions are also shown in the table. [21]
used these parameters as input and we have therefore not shown their result.
As final result we take the NNLO result of Tab. 3.4 with the MINUIT errors
with inputs as above.

A3 = 538+18,

a = —1.271+0.075,

b = 0.394+0.102,

d = 0.055=+0.057,

f = 0.025+0.160. (3.54)

The fitting results for the neutral decay are shown in Tab. 3.5. Again we

9Note that there exists an analysis [61] using the method of [19] fitting the preliminary
KLOE results. However, their final normalization depends on the allowed ranges of parame-
ters given by [19]. This is why we do not quote their numbers below.
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81

Ay o

LO 1090 0.000

NLO 2810 0.013

NLO (L! = 0) 2100 0.016

NNLO 4790 0.013

NNLOq 4790 0.014

NNLO (CT =0) | 4140 0.011

NNLO (L = CT = 0) | 2220 0.016

dispersive[19] —  —(0.007—0.014)

tree dispersive[11] — —0.0065
absolute dispersive[11l] | — —0.007
[21] — ~0.031

Table 3.5: Theoretical estimates of the Dalitz plot distribution in n — 77970,

The parameter « is defined in Eq. (3.52). The line labeled NNLO is the main
result.

have fitted LO, NLO, NNLO and removed the contributions from C} and L} to
see their effects. The one labeled NNLOq is the same fit as NNLO but with the
next two terms in the expansion around s =t = u = sq included in the fit. As
in the case of the charged decay, one sees that going from NLO to NNLO does
not seem to change much in the Dalitz plot distributions but changes mainly
the overall normalization. It should be mentioned that because of the three
terms in (3.29) large cancellations happen in the amplitude for n — 37%. This,
as well as an inequality between the slope parameters is derived in App. 3.A.
The inequality is always satisfied by our results and the equality which results
under additional assumptions is reasonably well satisfied. Assuming the error
on the NNLO result to be one half the NNLO contribution as we did for the
charged case leads to

A, = 4790 £ 160

a = 0.013+£0.032. (3.55)

The results from the dispersive calculations using Khuri-Treiman[19] and the
simplified analysis of [11] with two different boundary conditions are also shown
in the table. No theoretical prediction comes near the experimental results of
KLOE[54] and Crystal Ball[56] except for the result!? of [21].

It is clear from these results that further study on possible variations of
input parameters of ChPT is needed. Omne puzzling observation is however

10That reference combines a Chiral Lagrangian including the 7’ and a model for unitary
resummations. Their good agreement with data is remarkable but should also be understood
using more controlled approximations.
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that the main effect in the dispersive calculations is S-wave rescattering and
the input parameters used here give a very good prediction for the scattering
length a[62].

3.6.4 The ratio r and decay rates

We can now proceed to calculate the various decay rates from our amplitude.
Since the evaluation of the NNLO terms is very slow we have used the following
procedure. The actual shape of the allowed s, ¢, u region in the physical charged
decay is somewhat different from the one allowed with an equal pion mass. We
therefore perform the integration over the physically allowed values of s, ¢, u
for the neutral and charged case.

The matrix-element |M|? is dealt with similar to the previous subsection.
First we fit |[M|? with an expansion in z and y up to fourth order in z and y
for the charged and neutral case. The values for z and y are calculated using
the values for s,t,u with the formulas of the isospin limit with the pion mass
as defined above.

Doing that leads to the decay widths for the decays where we have indicated
the various orders

I'(n—atr 7% = sin®e-0.572 MeV LO,
sin?e - 1.59 MeV NLO,
sin® e - 2.68 MeV NNLO,
sin? € - 2.33 MeV NNLOC} =0,

I'(n— 7°7%% = sin%e -0.884 MeV LO,

sin? e - 2.31 MeV NLO,
sin?e - 3.94 MeV NNLO,
sin? € - 3.40 MeV NNLOC! =0. (3.56)

The numbers in (3.56) can be used to calculate the ratio of decay rates

I'(n — 7979%70%)

I'(n—ntr—n0) "

, (3.57)

To lowest order and neglecting the differences in phase space this ratio is ex-
pected to be exactly 1.5. The correct treatment of phase space and the slightly
different pion mass used lead to

rLo = 1.54. (3.58)
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At higher orders a significant change is found with

NLO — 1.46.
rNNLo = 1.47.
'NNLOCr=0 = 1.46. (3.59)

The small changes from NLO to NNLO is because the higher order corrections
mainly change the overall size of the amplitude, not its shape.
This should be compared with the experimental result[13] of

r = 1494+0.06 our average.
r = 143+0.04 our fit, (3.60)

The different results are from the direct measurements or from the global fit
to eta decays. Our results agree excellently with each value.

3.6.5 Discussion and the values of R and @

One of the prime reasons to study the hadronic eta decay to pions is the direct
determination of the double quark mass ratio, Q* defined as[39)

m2 — m?

Q = — (3.61)

m u

QAN |® N

The reason for considering this quantity is that it is to first order independent
of a shift in the quark masses of the form

My  — My +amgms,
mg — Mg+ amsmy,

me — Mg+ amymg. (3.62)

Within the framework of standard ChPT such a change is unobservable, it can
always be compensated by a change in the values of the LECs up to order p8
effects. This was observed to order p* in [63] but the generalization to higher
orders is obviously true. In our case, we are implicitly using assumptions on
the values of the constants such that this shift is fixed as discussed in [34].
That is one of the reasons we pulled out an overall factor of sin(e) rather than
Q2 out of the eta decay amplitude. To first order in isospin breaking we have

@md—mu_\/gl

sin(e) = e = =

T m—m 1R (3.63)

where the last equality defines the ratio R.
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LO | NLO | NNLO | NNLO (Cr =0)
R () 10.1 | 318 | 422 38.7
R (Dashen) 44 44 37 —
R (Dashen-violation) | 36 37 32 —
Q) 156 | 20.1 | 232 2.2
Q (Dashen) 24 24 22 —
Q@ (Dashen-violation) | 22 22 20 —

Table 3.6: The isospin breaking quantities R are evaluated at p?, p* and pS.
The @ values are given with Q2 ~ 12.7 R. See text for details.

Since the process is 7 — 37 is strongly protected from the electromagnetic
interactions due to the chiral symmetry, we expect to obtain the value mgq—m,,
rather well from this process. So let us see what our results imply. Using the
experimental value[13]

I'(n— ntr 7% =295+ 17 eV (3.64)

and (3.56) and (3.63) we obtain the values for R quoted in Tab. 3.6) in the line
labeled R(n). For comparison we also quote the values obtained at LO using

2 2 2
Mo + Mpq — 2mo

2 (m%@ - m%ﬁ)

Rro = (3.65)

where the QCD part of the masses should be included only. The electromag-
netic part of the K° and 7% mass is taken to be negligible and we use

Mitem = Tp (M2 —m2,) . (3.66)

We take xp = 1 in the line labeled Dashen[12] and use the estimate zp = 1.84
[64] for the line labeled Dashen-violation. The columns labeled NLO and NNLO
quote the results from [34] using the same input. These used ms/m = 24 as
input but changing it to 26 changes!'! the value of R by about half a unit. Note
that the limit R < 44 [39] is satisfied by all the estimates in Tab. 3.6.

It is harder to draw conclusions on the value of Q. Its value can be obtained

from
2

Q? = % Rio (1 +NNLO), (3.67)

where again only the QCD part of the masses should be included and m%., m2

are the masses in the isospin limit. The NNLO corrections are known [34] and
not negligible. However, they do depend at present on the input value of mg/m

1 This can be seen from using the number for m,,/mg and ms/m from Fig. 3(b) in [34].
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used in the chiral fits, this can be seen in Fig. 3(a) of [34]. Varying m,/m from
24 to 26 changes Q by about one unit. The analysis of [39] relied on the NNLO
correction being small.

The relation between Q2 and R can be written as

5 1 ms
Q=3 (1+2) R (3.68)
The analysis of [39] leads to a factor of about 12.7 using mg/m = 24.4, the
input value for ms/m = 24 to about 12.5 and for m,/m = 26 to 13.5. After
taking the square root, this range corresponds to an uncertainty on @ of about
unit. For completeness we have listed in Tab. 3.6 the values of @ derived from
R with the factor equal to 12.7.

3.7 Conclusions

In this paper we have performed a NNLO calculation in standard ChPT of the
amplitude for n — 3w. This calculation was performed to first order in isospin
breaking and we have pulled out the overall factor in the form of sin(e), the
lowest order 7%-1 mixing angle. The remainder of the amplitude is then dealt
with in the isospin limit. How we have dealt with the pion mass is described
in Sect. 3.6.1 and with the Dalitz plot distributions and decay rates in Sects.
3.6.3 and 3.6.4.

We find a reasonable enhancement over the NLO result of [10] which is
somewhat larger than the estimates from the dispersive analyses [19, 20]. The
shape of the amplitude is in better agreement with [20] from comparing the
published plots along the line s = u. We have also commented on the position of
the Adler zero which was used in [20] to determine their subtraction constants.
The NNLO result for the Dalitz plot distributions moves somewhat in the
direction of the experimental results compared to the NLO result but is not in
good agreement. The same is also true for the slope parameter « in the neutral
decay. We always obtain a positive value while experiment is consistently
negative. The amplitude for this decay has large cancellations and that makes
« a difficult parameter to predict, however all methods which include unitarity
resummations and have published values [11, 19, 21] get a negative value. This
we find puzzling, since the main effect is 7w S-wave rescattering and our input
values give a good value for the scattering length a)[62]. We obtain very good
agreement with the ratio r.

Since we find a somewhat larger enhancement of the decay rate then [20] we
also find a somewhat larger value for the isospin breaking quantities R and @),
which means that mgq —m,, is somewhat smaller than obtained in [39]. We also
find values that are not in agreement with the NNLO order fit to the meson
masses [34].
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The influence of changes in the input values is under study, a first impression
can be had from looking at the results for the C] = 0 and the different choices
of u. A more detailed analysis is planned.
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3.A A discussion on Dalitz plot parameters and
the sign of «

The goal of this appendix is to point a few simple observations about relations
between the Dalitzplot parameters. We start by parameterinzing the amplitude
for the charged decay rate as

M(s,t,u) = A(1—1—&(3—80)+l~)(s—so)2+¢i(u_t)2+...)

By computing |M (s, t,u)|? and using (3.53) this leads to the relations

a = 2Re(@) = —2R,Re(a),
b = [a]®+2Re(d) = R (|a|2+zRe(5)),
d = 2Re(d)=6R}Re(d). (3.70)

Here we defined R,, = (2m,Q,,)/3. We can now use relation (3.29) and s+t +
u = 3s9. We obtain

M(s,t,u) = A(l+az+---)
= A(3+ <E+3J) ((8—80)2+(t—80)2+(u—so)2> +)
(3.71)
Using the definition of z these two can be related and give
A =34, (3.72)

as well ) .
o = Re(@) =  R2 Re (5+3J) = 7 (d+b—R2af?) . (3.73)
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We thus obtain the relation

1 1
< - (d+b—-d*). 74
asy ( + 1° ) (3.74)
Under the assumption that Im(a) = 0, this turns into an equality. If one

looks at the numbers in Tabs. 3.2 and 3.4 we see that there is a very strong
cancellation on the r.h.s. of (3.74). Note that the KLOE results satisfy the
relation with equality quite well and the theory results satisfy it within 30%
or so. The inequality is satisfied in all cases. The underlying reason why it is
difficult to get a negative a seems to be that the value obtained for b is too
large compared to experiment.

For our NNLO result we can perform the fit also to the amplitude directly
and we obtain

A = —227-i438,

@ = —0.631—1i0.183,

b = —0.017+10.025,

d = 0.040 —i0.023. (3.75)

We see that the relation (3.70) is satisfied. In general, @ is sizable but b, ¢, and
the higher order in x,y generalizations are small.

3.B The order p* expression

In this appendix we quote the precise way in which we have defined the order
p* contribution. It agrees with the result of [10]. We use the notation

2 m2,. (3.76)

P = my,

This appears after Am? and Am3 of (3.20) have been rewritten in the physical
masses.
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The functions are defined in (3.34).
M{(s) = + L% (32mia s — 32m2a s — 256/3m2a mio + 256/3mko )
+L; (96 mka s — 96 m20 s — 640/3m20 mico + 640/3ma )
L ( — 8m2o s+ 64/9m2y mZo + 32/9 m;*ro)

L ( —16/952 +16/3m%0 s — 64/2Tm%o + 32/3m20 5

—256/27m20 mZo — 256/27 mio) + (1/9 $2+1/6m20 s — 2/27T m'keo

1
1672
+1/3m20 s — 8/27m2o mZo — 8/27mfro> + A(m?2,) P! (4/3mi0 s
~16/9 m? ) +A(m (—3/2s+4/9mKo +20/9m2 )
+A(m20) P ( 4/3m20 s+ 16/9m? )—I—Z(m%(o)(fl/QerQ/Qm%(o
~2/9m?, ) +A(mn) (1/25 —2/3m20) + Blm2a,m0.5) (- 2/35°
—4/9m30 5 +5/3m20 s +2/9m2; mieo —2/3mio)
+B(m2o, m2, s)<—2/9mfros—4/27m3ro m3eo +4/9mio)
+B(m%o0, mo, )(1/23 —2/3m%0 s+ 4/9mbo — 1/3m? s)
+B(m%o, m%o,0) (3/2m%<0 s —2/3mio —1/2m20 s —2/3m2, mﬁ(o)
+§(m727,m s) (2/9m7ro mio —2/9m ) + C(m3%0, m%io, Mo, S)
(— 1/2m3%0 8% +2/3mio s + 1/2m20 5% — 2/3m20 m3eo s)
(3.77)
MO () = B(m2, m20, 1) (— 1/12t + 1/3m3r0)

+B(m20, m%0, 1) ( —1/24¢t+ 1/6m§(0) .
(3.78)

(4) 1y _ r( 2 1 _ 2 2 (_ 2
MO () = L 4/3t)+16 2( 1/12t)+B( m2o,m20,t) (= 1/4t
—|—1/3mKot—|—1/2mﬂot—2/3mﬂomK0)+B( m2e, m2,t) (1/6mi0t

—2/9m ngo> +B(mKo,mKo, ) (3/8t2 _mKot+2/3mKo> .
(3.79)
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3.C The order p° LECs dependent part

In this appendix we give the amplitude dependence on the order p® LECs C7
in the form of M{ (t) as defined (3.36).

M{ () = +Ciy (256 mio s — 512/9 mfea — 128mZs mio s — 1280/9m20 mika
—128my s — 5120/9 mo mZo + 768 m?,o) + (128 mio s — 512/9mb0
—64m2, Mm% s — 1280/9m2 Mo
—64mis 5 = 1280/9mis mio +1024/3m0)

Oy, (128 mio s — 512/9mbo — 64m2o m2o s — 256/3m20 mieo

—64mio s — 1024/3m%0 m2o + 4352/9 mgo)

+O1, (128/3 m2o m2o s+ 64/3mto s — 256/9me mo — 512/9 mf;o)
+Cig (256/3 Mo 8 — 512/3m20 m30 s — 512/3m20 mieo + 256/3mis s
+1024/3m0 mZo — 512/3 mio)

+C3, (128/3 Mico s — 256/3m2o mio s — 512/9m2, mieo + 128/3ml, s
+1792/9mo m%o — 1280/9 mio)

+C, ( — 64/3m20 m%o s + 256/9m20 mko — 32/3mte s+ 128/3mte mo
~256/9 mio) + O ( —32/3m20 5%+ 64/9mL0 s — 32/9m2, 52
+256/9m2o mico s — 256/27m20 Mo + 256/9miro s — 1024/27 miro

mZo — 1024/27 mio) e, ( —160/9m2.0 8% — 64/3mLa s+ 512/27mC0
+160/9m2, s> +128/3m20 m%o s + 256/9m20 mho — 64/3mi, s
—256/9mte m2. — 512/27 m?,o) s, ( —64/9m20 5% — 256/9mLo s
+512/27mSe0 + 64/3m20 82 4+ 128/9m20 m%o s + 1024/27 m2 m'o
—448/9m, s + 256/27mte mZ0 + 512/27 mio) o ( — 256/3mC

+64m, mZo +64/3 m?ro) + (128 Mo s — 256/3mS0 — 64m2o m2o s

—256/3 20 mio — 64mie s — 192y mico + 1088/3mSs )
(3.80)
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+Cy (192mia s — 256/3mca — 96 mZa mio s — 12820 mo — 96 mka s
—320m%o mZo + 1600/3 m?ro)
+Cy (= 320/3mia s + 512/2T mia + 352/3m20 m¥o s + 256/3m20 mko
—32/3mk s — 128/9mty m%o — 2432/27 m?,o) e ( —64/3ma s
+512/27 S0 + 32m20 m3eo s — 256/27m20 myo — 80/3mio s
+1472/27 mto m0 — 128/3 mf;o) + (448/3 mo s + 256,/9 mSzo
—704/3m20 mico s — 2816/9m20 mico +400/3mko s + 4288/9mre mico
256 mf;o) + (512/27m2(0 +256/9m20 mo — 256/9ms mZo
=512/27mS ) + Cf, (= 64/3miko s+ 512/2T mio — 32m20 mo 5
+512/27m2 mio + 112/3mo s 4+ 2240/27 mto m3.0 — 896/9 mio)
+C1, ( —128/3m%0 82 + 128 Mo s — 512/27mS — 64/3m2, 5°
+320m20 mic0 s — 1792/9m20 mieo + 128 miro s — 3584/9mto mico
—4096/27m20) o, (64/9 m2o 8% + 512/9m%o s + 512/81m%
—64/3m?2, 5% — 256/9m2o m30 s — 1024/9m2, mieo + 896/9m2e s + 1792/
27 mika mko — 10496/81mS0 ) + Ty (128/9mio 5 — 128/3mia s
+512/27mS0 + 64/9m20 52 — 320/3m2, m3o s + 256/3m2, mico
—128/3my s + 1024/9mt0 mZ0 + 1024/27m§0) +Cr, ( — 32/9m20 8
—64/9 M0 s+ 256/27mS0 + 32/3m2, 5% — 256/9mZ0 mio s
+256/27m20 mio — 256/9mio s + 1408/27 mio m%o + 128/9 mio)
+C4 ( —160/9m7%0 5% + 512/27mS0 + 160/9m2, s? — 256/9m20 mico
+128/3mky m2o — 896/27 mio) 5 ( — 32/9m20 8% — 64/9m’0 s
+256/27mS0 + 32/9m20 m30 s — 128/27m2, mieo + 320/9m2, s
—128/27 mio mio = 128/3mS0 ) + Cg (= 64/9m¥ka 5 +64/3mka s
—256/27mb%0 — 32/9m2s 5% + 160/3m20 m%o s — 128/3m20 mico
+64/3mko s — 512/9mi, mio — 512/27 mio) +Ct ( —32/3m3%0 s°

(3.81)
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+128/9mc0 s + 64/9m20 52 +224/9m20 m%o s — 896/27 m2 0 Mo
~64/9mio 5 — 128/2Tmbs o —128/27mS ) +C5 (- 64/95°
+128/27 m%0 8% +128/9m0 s — 512/81mSe0 + 256/27 m?, s*
—256/9m2o mico s+ 128/9mo s + 512/2Tmyo mico — 1024/81 mio)
+Cj ( —64/95% +128/9m3%0 5% — 128/9 M0 s + 512/81 mSe0 + 256/9m2, 52
—896/9m2, m3e0 s+ 512/9m2o mio — 704/9mio s + 3328/27m, mio
+5632/81 mﬁo) +CY (32/9 §% —64/9m%0 5%+ 64/9 M0 5 — 256/81 M50 —
128/9m2 52 + 448/9m2, m%o s — 256/9m20 Mo + 352/9m,
s = 1664/27 mk ma — 2816/81mS )

(3.82)

ME(t)=0. (3.83)

ME@) = Cs, (32/3 m2, t2) + o, ( — 32/3m%0 2 + 32/3m2 t2)
+C5, ( — 32/3m2 t2) + (32 mZeo 2 + 16 m2, t2> +CT, (32/3 mZo t2)
+C1, ( —32/3m20 12 — 16/3m2, t2) +C, ( —16/3m20 tz)
+Cy ( — 32/3m%0 2 + 32/3m% t2) L ( —16/3m%0 £ + 8mZ, t2)
+Cr (16/3 mZo 12+ 8/3m2 t2> +Cr (8/3 m2, t2)
+Cy (16/3 13— 32/9m20 2 — 64/9m2, t2) +C (16/3 13— 32/3m20 12

—64/3m2, t2) ol ( — 8/313 +16/3m%0 2 + 32/3m2, t2) (3.84)
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4.1 Introduction

The semileptonic decays of a Kaon to a pion and two leptons play a signif-
icant role in flavour physics. On the one hand, the weak decays K3 are a
main source of our knowledge of the CKM matrix element V,; and on the
other hand, the rare decays to a lepton-anti-lepton or neutrino-antineutrino
pair provide a good testing bed for loop effects in flavour physics. The form-
factors themselves quantize the hadronic uncertainties as can be exemplified
by the so-called master formulae. This is e.g. for K3, see [1] and references
therein,

i : G2 SEWm5
D(K'—a/tty) = CEJW
A similar formula exists for the rare decays, see [2] and references therein. We
will refer to the K3 decays as weak decays and the ones with a lepton-antilepton
pair as rare decays.

Theoretical work on these form-factors goes back a long way. In Chiral
Perturbation Theory (ChPT), the lowest-order (LO) result dates back to [3]
while the next-to-leading-order (NLO) was evaluated by Gasser and Leutwyler
[4]. They calculated the vector form-factor fi for the weak decays including
the isospin breaking due to m, — my and the scalar form-factor fy in the
isospin limit. The form-factors are known in the isospin limit to next-to-next-
to-leading order (NNLO) in Chiral Perturbation Theory (ChPT) [5, 6]. In [5]
a comparison with experimental results was done and a useful relation for the
order p® constants needed for f(0) obtained. The isospin breaking to NLO
for the vector form-factors f, () for the rare decays was done in [2] to NLO.
The electromagnetic corrections to NLO, i.e. order e?p?, are also known, for
the weak decays [7] and for the rare decays [2]. In this paper we calculate
the isospin breaking corrections due to the quark-mass difference m, — mq4 to
the vector and scalar form-factors to NNLO order in ChPT for all eight form-
factors. The NNLO results are new for all form-factors while the NLO results
are new for the scalar form-factors. Some preliminary results were reported in
[8]. In addition we discuss the results on ratios of form-factors to NNLO. Some
of these ratios were observed to have special features at NLO in [4] and [2].
We prove that the relations (4.11) and (4.12) are valid to all orders in ChPT
to first order in m, — mg. The double ratio (4.12) was also discussed in [2]
but not proven there. There exists also work using dispersion relation for the
form-factors in the isospin limit, see [9, 10] and references therein.

This paper is organized as follows. We define the form-factors and derive
the relations that the form-factors should satisfy to all orders in ChPT and
first order in m, — my in Sect. 4.2. Next we give a short discussion of ChPT
in Sect. 4.3 and derive how 7°-n mixing can be taken into account to NNLO
in ChPT in Sect. 4.4. Sect. 4.5 defines the various ratios of form-factors we

Vv Kixl

2 . ..
s f KT (HQNEJM). (4.1)
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use and discusses how they are obeyed at NLO and NNLO. We also discuss
there some general aspects of our calculation and give the LO results. Explicit
formulas are not provided at NNLO, they are simply too long but we present
the NLO formulas in App. 4.A and the dependence on the order pS low-energy
constants (LECs) in App. 4.B. The estimate of these order p® LECs we use is
presented in Sect. 4.6. Our main results are presented numerically in Sect. 4.7.
These include, numerical results on the values of f(0), its t-dependence, ratios
as a function of ¢ and the deviation from F/F; at the Callan-Treiman point.
A short summary is given in Sect. 4.8.

4.2 Form-factors and isospin relations

In this paper we deal with the four matrix-elements

@ OK @) = = [0 + 270 + 0= ) 0] L (42)

V2

(= (P)[57,u(0)| K°(p))

(0 + 2t O+ o= )uf ™™ )] (43)

(0 53O K (1) = [ + )t E™ O+ =S (0] (4)

0_0

(W) ALK W) = = [0+ 2l 1)+ 0 — ), 57 (0] . (45)

V2

We have thus in total a set of 8 form-factors. They depend on

t=( —p?, (4.6)

the square of the four momentum transfer to the leptons. The form-factors are
normalized such that o
o) =1 (4.7)

in the SU(3) limit of m, = mg = ms. In the isospin limit

K Ktxo KOr— Ktrt KOx0
fe=fET=0E T =T =T =T (4.8)
f” is referred to as the vector form-factor, because it specifies the P-wave
projection of the crossed channel matrix-elements (5v,¢(0)| | K*,77 in >. The
S-wave projection is described by the scalar form-factor

) = 0+ e S5 ). (19)
Ki

i
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We will refer to the decays as the charged weak for (4.2), neutral weak for (4.3),
charged rare for (4.4) and neutral rare for (4.5).

In this paper we derive the isospin breaking due to the quark-mass difference
my —mg to NNLO for the eight form-factors defined above. We do this to first
order in isospin breaking. Let us now derive first some general properties.
The isospin-breaking operator (1/2) (m, — mg) (Wu — dd) has isospin one. The
pions have isospin one and the Kaons as well as the vector operator are in an
isospin 1/2 multiplet. To first order in isospin breaking from § = m, — my the
form-factors described above can be rewritten in the form

K = A+ P (1) + 082,
K@) = £ - 5P + 087
K = 1A+ P + 0%
() At) — 0fE (1) + 082, (4.10)

for £ = 4+, —,0. The form (4.10) is a direct consequence of the Wigner-Eckart

theorem. This can be interpreted as that the size of isospin breaking depends

on the final pion and the sign also depends on which kaon is in the initial state.
As a consequence of (4.10) we obtain the relations

ORI U R A ORS A OR R CCORNCREY

and K+tn0 (t) KOx0 (t)
r(t) = f{Oﬂ-— ) §(+7T+ (t)
¢ ‘
These relations do not have to be satisfied when electromagnetic corrections are
included. Photon exchange contains isospin 0, 1 and 2 parts allowing different
corrections to all four amplitudes. The isospin 0 and 1 parts do satisfy the
same relations, but not the isospin 2 part. o

The relations are valid for all three form-factors feKl”J with ¢ = +,—,0.
They are also valid if the currents in (4.2-4.5) are replaced by the scalar densities

5u(0) and 5d(0).

=1+ 0(6?) (4.12)

4.3 Chiral Perturbation Theory

Chiral Perturbation Theory (ChPT) is an effective field theory to describe the
strong interactions at very low energy. The effective Lagrangian is constructed
based on two important properties of the physical hadron spectrum. Pseudo-
scalar mesons, the lowest-lying states in the spectrum are separated from the
rest of the hadrons, i.e. there exists a mass gap. This allows the heavier
particles to decouple from the dynamics of the pseudo-scalar mesons. Their
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influence can be described by point-like couplings. The other important fact
is that the spectrum does not show the chiral symmetry of the underlying
theory (QCD). The pseudo-scalars are assumed to be the the pseudo-Goldstone
particles emerging from the spontaneous breaking of this chiral symmetry. The
nonzero but small mass of the pseudo-scalar mesons are because quarks have
a finite mass in, reality which breaks the chiral symmetry explicitly.
According to the Goldstone’s theorem, the Goldstone particles do not inter-
act at zero momentum. This immediately offers a weakly interacting theory as
a basis for perturbation theory. The first systematic consideration on the appli-
cability of the effective Lagrangians was made by Weinberg [11] and Gasser and
Leutwyler [12]. The effective chiral Lagrangian is an expansion in momentum
and quark masses. In the chiral power-counting, quark masses are of order p2.
Taking into account the Lorentz invariance and chiral symmetry, the lowest
order chiral Lagrangian which also complies with the discrete symmetries can
be written down as
L nprt t t
Ly = e (D UD*UT) + (xUT + UxT)) (4.13)
and the next-to-leading Lagrangian with the introduction of the external field
technique was written down by Gasser and Leutwyler [13] and reads

L, = Li(D,UD"U)? + Ly(D, U D, UND"UD"U)
+L3(D"U'D,UD"U'D,U) + Ly(D*UTD,U){x'U + xUT)
+Ls(DPUTD, U (XU +UX)) + L (XU + xUT)?
+ L (X\TU = xUN? + Le(xTUXTU + xUTxUT)
—iLo(F 3, D*UD"U" + F, D*UTD"U)
+L1o(UTFRUF ™) + HY(FE PR + FL PL) + Hy(xTx) . (4.14)

ng

The matrix U € SU(3) contains the pseudo-scalars and its exponential repre-
sentation is

U(¢) = exp(iv2¢/Fy) , (4.15)
where
AER ) + +
Viltve .
— - _13 + E KO
P(x) = ™ NN : (4.16)
K- J7 UE]

The external fields are defined through the covariant derivatives and field
strength tensor as

DU =8,U —ir,U+iUl,, Fl =0, — 0,0, —illyl)], (4.17)
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The right-handed and left-handed external fields are denoted by r, and [,
respectively. The Hermitian 3 x 3 matrix x contains the scalar (s) and pseudo-
scalar (p) external densities and is given as xy = 2By (s + ip). The constants Fy
and By are related to the pion decay constant and quark condensate respec-
tively. There are however, 10+2 unknown free parameters in the Lagrangian
L4 where these effective constants contains the effects of heavy degrees of free-
dom and can be determined by invoking the experimental data as well as by
Lattice QCD technique. One of the theoretical approach, on the other hand,
is the application of the resonance chiral perturbation which provides an ap-
proximate estimation of the low energy constants (LECs). The extention of
the chiral Lagrangian to the next-to-next-to-leading order is also accomplished
[14]. At this order there are a large number of LECs, 90+4.

The external scalar field s contains the quark masses and the mass terms
in the lowest order Lagrangian L5 can be diagonalized exactly. In the presence
of m, # mq the physical 7° and 7 differ from the triplet and octet states via
a lowest-order mixing angle € as

3 = ncos(e) —nsin(e)
ng = w°sin(e) 4 1 cos(e) (4.18)

The lowest order mixing angle is

V3mg —my

%) = Y2MdTMu

tan(2¢) > e
m = (my,+mg)/2. (4.19)

A review on ChPT to order p° is [15]. References to other recent reviews
and lectures can be found there.

4.4 Matrix-elements in the presence of mixing

For this work we need to work out the matrix elements defined earlier in the
presence of mixing. These matrix elements can be determined from three-point
Green functions. Two of the external legs are the meson propagators and the
third one is the external field. The matrix element is obtained from the Green
function using the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula.
The matrix element is related to the residue of the Green function in momentum
space where all the propagators are continued to the on-shell mass. The case
of two point-function with one leg undergoing mixing is worked out in [16] and
we generalized this to a four point-function with mixing on two external legs
in [17]. In this article we study the form-factors in K — 7/ transitions where,
in case of the neutral pion in the decay product, mixing should also taken into
account. Fig. 4.1 depicts the three-point Green function relevant for this work
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Figure 4.1: The full three-point Green function is represented. The oval stands
for the amputated three-point Green function and circles indicate the full two-
point functions. The solid lines are external mesons and the dashed line labeled
by i, indicates the sum over states implied in the external leg where mixing
occurs. The wiggly line indicates the external vector current.

where we have only considered mixing in one external propagator. Amplitudes
are obtained via

Aiy i = <(_Z)nZln> H lim (k7 —m?) Gy i, (k1. k). (4.20)

. 2 2
ZZl . i1 ki —m?

This formula shows the general case with n-outgoing particles. The function
G, ...i,, is the full n-point Green function where we now express it in terms of
the amputated Green functions and only two meson propagators to suite for
the current article as follows

G43,ewtv - G44 (p2 ~ miphys)G& (p2 ~ mgphys)gh,extv . (421)

Summation over index i runs over two possibilities of being a neutral pion
or eta. Gy; is the amputated Green function that contains both on-shell and
off-shell Feynman diagrams. The two-point functions are expanded near the
physical poles as

17
Giu(pP*=m? ;) = 5. 4.22
( phy ) pg _ m?phys ( )

The function Z; is called the wavefunction renormalization factor. The ex-
pansion of the off-diagonal two-point functions around the physical poles is
somewhat more involved but can be done in terms of the one-particle irre-
ducible two-point functions IT;;(m?) and the mass differences needed in the
propagator of the i-leg in Fig. 4.1 as explained in [16]. We now expand all
quantities to the required chiral order and use the fact that we have exactly
diagonalized the lowest Lagrangian to obtain for the full amplitudes to order

p°:

-A43,e:vtv = Aé(é),eztv + Al(éi),ewtv + Aé(lg),ea:tv T+ ’ (423)
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~

Figure 4.2: The tree level Feynman diagrams for the Kaon transition form-
factors. The wiggly line indicates the insertion of the vector current, a dot an
order p? vertex, a cross an order p* vertex and a crossed circle an order p®
vertex.

2
"443 extv glg?)?emtv ’ (424)
4 4 1 @ 1 u 2
AELS),eztv = giB?emtv - <2Z£4) + 2Z§3)) gzgS?eztv
CI(3) o
Am g48 extv ’ (425)
6 1 1 4 4
A43 extv gﬁ&?:)ea:tv - 5 ( + Z44 ) 43,ext 5 (Z?ES) + Z4 ) g4§3?ea:tv
3 4 4 2 1 4) 4 2
8 ((Zzgs) Z( ) > A(LS)ea:t + Z Z?ES) Z( )) gi?&?eztv
I35(3 ) (4) I35(3) _2) (1 I35(3)@
Tt Am g48 eztv Am % g48 ertv o Z TTT?,%
e H38(3)( Mg (3)™) ()
43, extv Am % 48, extv
L[, I3s(3)@ M35 (3)DYN o)
75 (ZSB Am% + Z44 TTI’L% g48,eztv . (426)

The Z and II factors have been valuated earlier [16, 17] and we thus need to
evaluate the various G amputated amplitudes.

4.5 Analytical results and ratios of form-factors

To do the calculation, we need to calculate the tree level diagrams of Fig.4.2,
the one- and two-loop diagrams of Fig. 4.3 and the two-loop diagrams with
overlapping divergences of Fig. 4.4 with isospin breaking kept in the masses
and vertices. These amplitudes should then be put together with the wave-
function renormalization and mixing effects given in (4.23). The lowest order
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b4

e

(m)

Figure 4.3: The one- and two-loop Feynman diagrams for the Kaon transition
form-factors without overlapping divergences. Notation as in Fig. 4.2.

(a) (b) ()

Figure 4.4: The two-loop Feynman diagrams for the Kaon transition form-
factors with overlapping divergences. Notation as in Fig. 4.2.

expressions are quite simple. The form-factors f% "7’ all vanish and the others
are

f+”0(t) = cose++/3sine,

@ o=,

=1,

foﬂo(t) = cose—/3sine. (4.27)
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The NLO expressions agree with the isospin breaking ones calculated in [4, 2]
for the f, form-factors. The isospin breaking in the f_ and fy form-factors
is new. The NLO results are given in App. 4.A. The full NNLO results are
very lengthy but we have performed two independent calculations that are in
agreement. All eight form-factors are also finite using the general subtractions
calculated in [18]. The nonlocal divergences and the other quantities that can
be removed using M .S subtraction also cancel as they should. These consistency
checks are described in detail in [19]. The loop integrals are computed using
the methods described in [20, 21].

The main existing previous work is for Kjy3 decays. Isospin breaking to
order p* for f, was done in [4] and the electromagnetic parts worked out in [7]
to order e2p?.

While this work was in progress, an analysis of the isospin breaking in the
rare decay form-factors f f " and f f 7 t0 NLO and order e?p? appeared [2].
They also noted that the relation (4.12) was satisfied but do not seem to have
realized it is an immediate consequence of isospin.

Isospin breaking in f% '™ has not been discussed earlier within the context
of ChPT.

In [4] another relation valid to NLO and first order in isospin breaking was
found. The ratio of form-factors

Korr*(t) B Kono(t)
) T ) (429

is independent of momenta and can be cleanly predicted in terms of pseudo-
scalar meson masses. The equality follows from the use of (4.12).

Our results satisfy the relations (4.11) and (4.12), we had to use a large
number of relations between the various integrals to check this and obtained in
this way another nontrivial check on our results. The NLO relation found by [4]
is no longer true at NNLO. There are t-dependent corrections at order NNLO of
all® types, pure two-loop, LI-dependent and C!-dependent ones. The relation
(4.28) is also not true for the scalar form-factors f& ™ (t) nor for X' ()
already at NLO.

We define here also two more ratios for later use, first the ratio of the two
weak decay form-factors e

K'r
ro_(£) = %@) (4.29)
()
and second the ratio of the rare to the weak decay with charged pions in the

final state
rg(t) = m (4.30)
JE (1)

3That it was not valid for the CI contributions at order p® was also noticed in [2].
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We define similarly definitions of 79(¢), 7J_(¢) and 7% (¢) for ratios of the scalar

form-factors fI€ ().

4.6 Resonance estimate of the contribution from
the C7

This contribution is the most difficult to estimate. In the isospin limit, f f 7(0)
only depends on the combination (C{, + C3,) (m3 — m2 ? [5] and its estimate

is the main uncertainty in the chiral prediction for f{*7(0). A review can

be found in [1]. The under lying reason for the factor (mf( - m,%)2 is the
Ademollo-Gatto theorem|[22]. The reasoning used there remains valid also in
the case with isospin breaking for the form-factors that do not involve 7%-n
mixing. The isospin conserving case is proportional to (ms — ﬁ1)2, but including
isospin breaking, the form-factor for the neutral weak decay is proportional to
(ms — my)” and for the charged rare decay it is proportional to (ms — mg)>.
The full order p® tree level contribution in these cases is again proportional to
Cly + O3y — (Lg)2 just as was found for the isospin conserved case in [5, 23].

The general method we use to estimate the C] is of saturation by a finite
number of resonances introduced by [24, 25]. We use the vector Lagrangian
in the Proca formulation with parameters as determined in [19, 5]. The scalar
effect was studied in detail in [23] and more generally in [26]. Some problems
with this procedure are discussed in [27].

The vector exchange contribution does not contribute to the values at ¢ = 0
for f f '™’ (t). It does however contribute strongly away from zero. The estimate
we use here for the CT from vector exchange is described in [5]. In particular,
the same estimate is in good agreement with the estimate of the curvature in the
pion electromagnetic form-factor which leads to an experimental determination
of[21]

—4(Cts — C3) = (0.2240.02) 1073 (4.31)
compared with a prediction of 0.261073. This is the part that estimates the
contribution from the C] in Fig. 4.6. The way we have implemented it here is
via the effect on the C7 directly as given in [28].

Second, we take into account the contribution from the singlet pseudo-scalar
degree of freedom P;. We use the simple Lagrangian

1 1 .
Ly = 50,P10" Py — §M3/Pf +idm P (x_) . (4.32)

Integrating out P; leads to the order p* term with L; and the order p® La-
grangian ~
dy,

Ly =—o3m1
2M,,

9, (x_)0*(x_) with d,, = 20 MeV. (4.33)
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The latter was rewritten in general in terms of the basis of operators of [14] in
[17]. The result is*

2 1 1 2 1
0pu{x-)0u(x-) = O+ 6019 - 5020 + 5021 + 2027 + 5031 - §O32

1 8
+5033 - 2035 + 037 - 5094 . (4.34)

The result is that the singlet Py contributes via the order p% constants C! also
to the isospin breaking in the values for ff o (0) but it does so only via 7°-n

mixing. The numerical result is

K 0)) = 0.00065,

Py

) = —0.00065. (4.35)

P

4.7 Numerical results

4.7.1 Input parameters

For the masses we use the particle data book masses except for the eta where
we use for consistency the value 547.3 MeV. The input values for the order p*
constants LT we use are fit 10 of [16]. This fit used the K4 data from E865,
and input values my/m = 24 and Fg/F, = 1.22. For the masses it used the
physical masses. Electromagnetic corrections to the Kaon mass were included
with the estimate of the violation of Dashen’s theorem of [31] included. An
extensive discussion of this fit can be found in [29] using the older K.4 data
and working fully in the isospin limit.

We will always quote results for the isospin conserving formulas of [21] where
the kaon mass is taken to be the mass of the kaon involved and similarly, we
use for the pion mass the mass of the particle involved in the matrix element.
For the results with the formulas including isospin breaking, we have used for
the Kaons their physical masses but for both charged and neutral pion the
same mass, since to first order in m, — mq these have the same mass. We have
always taken the mass of the final state pion involved in the matrix element.
The reason for this choice is to always have the kinematics right in the matrix
elements. The effect of changing the pion mass can be judged by looking at the
results for the isospin symmetric formulae which we quote for different input
Kaon and pion masses in Tab. 4.1.. The order p® constants C! have been put to
zero at the scale y = 770 MeV unless otherwise noted in Sect. 4.7.2. In Sects.

4This was derived by the authors of [29] but not included in the final manuscript. It also
agrees with the expression shown by Kaiser[30].
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KTx0 K97~ KTnt KO7x0
+ + + +

order p? 1.00000 1.00000 1.00000 1.00000
order p* —0.02276 —0.02266 —0.02226 —0.02316

order p® 0.01423 0.01462 0.01406 0.01480

p% 2-loop 0.01104 0.01130 0.01090 0.01145

p% LI-dependent 0.00320 0.00332 0.00316 0.00336
sum of p?, p* and p® | 0.99156 0.99196 0.99180 0.99164

Table 4.1: The different contributions to f# '™ (0) using the isospin conserving
amplitudes of [5]. We have also shown the break-up of the order p® expressions
in the pure two-loop part and the L}-dependent part. The part depending on
the C7 is not included.

4.7.3, 4.7.4 and 4.7.5 we have put the C] at the value estimated by vector and
singlet pseudo-scalar exchange at p = 700 MeV.

The main fit 10 with Dashen’s violation gave m,, /mg = 0.45 while removing
the violation of Dashen’s theorem gave m,/mg = 0.52. The standard values
without order p® and without violation of Dashen’s theorem gave m,,/mg =
0.585 [16]. These values, together with the input value for mg /7 correspond
to sine = 0.0143, 0.0119 and 0.00986 respectively. This can be compared with
the value of 0.0106 + 0.0008 used in [2] which used the input neglecting order
pS effects. Note however that the recent evaluation from 1 — 37 [17] leads to
somewhat different values.

4.7.2  fE7(0)

Here we give the results for the form-factor values at zero. In Tab. 4.1 we
first show the results for the isospin conserving formula of [5]. Here the only
isospin breaking effect is the different kaon and pion mass used as described in
Sect. 4.7.1. The results for the charged and neutral weak decay are in agreement
with [5]. We have in fact checked that the formulas including isospin breaking
numerically agree with the isospin conserving formula if the masses are set to
the same isospin conserving masses and sine = 0. As is clear from the numbers
in Tab. 4.1, the isospin breaking effects from varying the masses in the loops is
quite small.

In contrast, we have shown the equivalent set of values for our amplitudes
including isospin violation. It can be seen that effect is much larger for the
amplitudes with a neutral pion in the final state. That is, as can already be
seen at lowest order, pion-eta mixing is important for this decay. The values
in Tab. 4.2 are with m,, /mg = 0.45 or sine = 0.01429.

To show the variation with the input for m, /mg, we show in Tab. 4.3 using
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KTx0 K97~ KTnt KO7x0
+ + + +

order p? 1.02465 1.00000 1.00000 0.97514
order p* —0.01775 —0.02292 —0.02197 —0.02838

order p® 0.00809 0.01470 0.01391 0.02095

p% 2-loop 0.00159 0.01145 0.01081 0.02092

p% LI-dependent 0.00650 0.00325 0.00309 0.00004
sum of p?, p* and p® | 1.01499 0.99177 0.99194 0.96772

Table 4.2: The different contributions to ffq'“g (0) using the amplitudes in-
cluding isospin breaking. We have also shown the break-up of the order pb
expressions in the pure two-loop part and the L-dependent part. The part de-
pending on the C7 is not included. We used here m,, /mg = 0.45 corresponding

to the two-loop fit of [16] including Dashen’s theorem violations.

KTx0 K97~ KTnt K070
+ + + +

order p? 1.01702 1.00000 1.00000 0.98288
order p* —0.01931 —0.02282 —0.02202 —0.02675
order p® 0.00986 0.01467 0.01395 0.01919

p% 2-loop 0.00435 0.01142 0.01084 0.01815
pS LT-dependent 0.00551 0.00325 0.00311 0.00104
sum of p%, p* and p® | 1.00757 0.99186 0.99193 0.97532

Table 4.3: The different contributions to fX'™'(0) using the amplitudes in-
cluding isospin breaking. We have also shown the break-up of the order pf
expressions in the pure two-loop part and the L-dependent part. The part
depending on the C7 is not included. We used here m,/mg = 0.585 corre-
sponding to the one-loop fit of [16] without violations of Dashen’s theorem.

the same inputs as for Tab. 4.2 but with m,/m4 = 0.585 or sine = 0.009857.
This corresponds to the fit for m,, /my4 without violations of Dashen’s theorem
and using order p* expressions. Our results, except for the lowest order in
(4.27), are explicitly linear in sine. The numbers are slightly different from
the preliminary results quoted in [8]. This due to a slightly different way of
treating the pion masses.

Using the results of Tab. 4.2 we can also quote numerical results for the
various ratios defined earlier at the point ¢ = 0. First the ratio of charged to

neutral weak decay. This is
ro—(0) = 1.02465 + 0.00587 — 0.00711 = 1.02341, (4.36)

where we see that the order pb contributions lower the result and essentially
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cancel the enhancement from the ratio at order p*. If we add the contribution
from singlet P; exchange we obtain rg_ = 1.024068 However, compared to the
standard value, we get again an enhancement due to the larger value of sine
obtained from the order p® fit. We showed the contributions to the ratio at
order p?, p* and p®. This should be compared to the experimental ratio as
determined from the global FLAVIAnet fit [32]

Po—eap = 1+ Agp(z) = 1.0284 £ 0.0040. (4.37)

As we see, we obtain a reasonable agreement.

We can also look at the double ratio r from (4.12). Our formulas satisfy it
exactly. The main numerical source of the difference at higher orders results
from the fact that we used a different pion mass in the denominator and the
numerator. The result is

7 = 0.99918 — 0.00161 4 0.00085 = 0.99842 , (4.38)

where a fairly sizable cancellation happens between the order p* and order p®
contributions. We again showed the contributions to the ratio at order p?, p*
and p°.

The final ratio, of weak to rare decays with a charged pion in the final state
is

rg = 1.00000 4+ 0.00097 — 0.00080 = 1.00017. (4.39)

The three numbers in the middle part are once more the contributions to the
ratio at order p?, p* and p®. Once more, we see a significant cancellation
between the order p* and p® contributions.

4.7.3 K7 (1)

In this subsection we show the results as a function of ¢ for the the f f ' form-
factors. We first show the case for the neutral weak decay in Figs. 4.5 and 4.6.
Fig. 4.5 shows the result to lowest order, NLO and NNLO. It can be seen that
there is a nice convergence in the entire region shown.

We show the various subparts of the order p® contribution in Fig. 4.6. The
contributions shown are the two-loop contribution, the part dependent on the
order p* LECs L! as well as the part that depends on the order p® LECs CT.

The results shown so far for f f 7" are essentially the same as those in the
isospin limit of [5]. We have included isospin breaking but it is a rather small
effect for this form-factor. Rather than showing similar plots for the other
three form-factors we show here the ratios as a function of ¢. First we show
the variation of the full ratio r as a function of ¢t. The ratio r is somewhat
more different from one than naively expected since we included different pion
masses The ratio 7o defined in (4.29) is shown as a function of ¢ in Fig. 4.8. Tt
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Figure 4.5: The form-factor ffgﬂ_ (t) as a function of ¢. Shown are the lowest
order (p?), NLO (p*) and NNLO result (p°). Isospin breaking is included.
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Figure 4.6: The form-factor ffOF (t) as a function of t. Shown are the full
order p°® contribution and its three constituent parts, the pure two-loop contri-
bution, the L]-dependent part and the C}-dependent part. The contribution to
the quadratic slope comes mainly from the C] dependent part but that is fixed
from the pion electromagnetic form-factor [21]. Isospin breaking is included.
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Figure 4.7: The ratio r as defined in (4.12) as a function of ¢. Both the deviation
from 1 and the t dependence are effects of higher order in isospin breaking.

was shown in [4] that at NLO this ratio is independent of ¢. We have checked
that this is no longer true at NNLO as is clearly visible in the figure. However,
there is clearly no sign of an anomalously large isospin breaking effect in this
ratio. We also show the similar ratio for the charged rare to neutral weak decay,
ri as defined in (4.30) in Fig. 4.9.

4.7.4 f; ™ (t)

In this subsection we show the results as a function of ¢ for the the fi<'™’
form-factors. We first show the case for the neutral weak decay in Figs. 4.10
and 4.11. Fig. 4.10 shows the result to lowest order, NLO and NNLO. It can
be seen that there is a nice convergence in the entire region shown.

We show the various subparts of the order p® contribution in Fig. 4.11.
The contributions shown are the two-loop contribution, the part dependent on
the order p* LECs L! as well as the part that depends on the order p® LECs
C7. The latter is essentially zero here since the vector exchange contribution
to the scalar form-factor vanishes to the order considered here and the singlet
pseudo-scalar doesn’t contribute either. A scalar exchange would contribute
but we have not included such an estimate here. The curvature visible is here
mainly coming from the loops.

The results shown so far for f& 7 are essentially the same as those in the
isospin limit of [5]. We have included isospin breaking but it is a rather small
effect for this form-factor. Rather than showing similar plots for the other
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Figure 4.8: The ratio ro_ as defined in (4.29) as a function of ¢. This is the
ratio of the charged to neutral weak decay. The ¢ dependence for the NLO
result is higher order in isospin breaking but is first order at NNLO.
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Figure 4.9: The ratio rx as defined in (4.30) as a function of ¢. This is the
ratio of the charged rare to neutral weak decay.

three form-factors we show here the ratios as a function of ¢. First we show the
variation of the full ratio r° as a function of t. The ratio r¥ is somewhat larger
than naively expected since we included different pion masses The ratio r9_
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Figure 4.10: The form-factor f&¢ on” (t) as a function of . Shown are the lowest
order (p?), NLO (p*) and NNLO result (p°). Isospin breaking is included.
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Figure 4.11: The form-factor fOKOW_ (t) as a function of ¢. Shown are the full
order p® contribution and its three constituent parts, the pure two-loop contri-
bution, the L]-dependent part and the C]-dependent part. Isospin breaking is
included.

defined in (4.29) but for the scalar form-factor is shown as a function of ¢ in
Fig. 4.13. This ratio can be t-dependent already at NLO which is clearly visible.
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Figure 4.12: The ratio 7° as defined in (4.12) bit for the scalar form-factor as
a function of ¢. Both the deviation from 1 and the ¢ dependence are effects of
higher order in isospin breaking.
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Figure 4.13: The ratio rJ_ as defined in (4.29) but for the scalar form-factor
as a function of ¢. This is the ratio of the charged to neutral weak decay. The
t dependence is first order in isospin breaking both at NLO and NNLO.

However, there is no sign of an anomalously large isospin breaking effect in this
ratio. We also show the similar ratio for the charged rare to neutral weak decay,
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Figure 4.14: The ratio r% as defined in (4.30) but for the scalar form-factor as
a function of ¢. This is the ratio of the charged rare to neutral weak decay.

7% as defined in (4.30) in Fig. 4.14. The scalar form-factors are not needed for
the weak decays to an electron or the rare decays to a neutrino-antineutrino
pair. They do contribute to the weak decays to a muon and the rare decays
with a muon-anti-muon pair via a the axial current couplings to the latter from
the short-distance contributions.

4.7.5 Callan-Treiman point

The Callan-Treiman relation [33] states that the scalar form-factor at t =
m?%, — m?2 satisfies
2 2 Fx
s
This relation is derived using current algebra in the up-down—sector and should
thus have rather small corrections of order m2. The relation is exact when the

up and down quark masses are zero. The correction at NLO was worked out
in [4] and found to be

Fi

o —3.5107%[4]. (4.41)

Act = fo (my —m?2) —

The correction in the isospin limit at NNLO was never presented in [5]. We have
calculated this and also for the four different amplitudes at order p* but for the
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C7 estimates we have used the vector and pseudo-scalar singlet contributions
as described in Sect. 4.6.

The inputs we used produce Fg/F, = 1.22, which is what we have sub-
tracted from the fI<'™’ (mf( —m? ) in the numbers quoted below. The isospin

i
symmetric expression with m?. = m%@ and m2 = mfr+ gives

Acr = —6.21073. (4.42)

As we see there is a substantial NNLO correction. Note that we did not include
the contributions from nonzero C7,, C3, in this expression. These read

16

i (205, + G m (i —m2) . (4.43)

ACT|C; =
It is clear that this satisfies the Callan-Treiman theorem. Notice that the same
combination of order p® LECs shows up in the scalar slope when the part via
Fy /Fy is subtracted as in Eq. (5.2) of [5].
For the expression including isospin breaking we simply present the numer-
ical results directly

AE™ = 1511073,
AET™ = 561073,
AET™ = 941078,
AB = 2641073, (4.44)

Recently, Leutwyler discussed the experimental measurements and the ex-
trapolation to the Callan-Treiman point [34]. The results we obtained are
clearly not sufficient to explain the large value of Ao = —0.071+0.014 5 448 =
0.002¢¢0 £0.005.,; observed by NA48 in the charged weak decay[35] but are in
reasonable agreement withe one observed by KLOE for the neutral weak decay
[36].

4.8 Conclusions

In this paper we have calculated all the vector form-factors of Kaon to Pion
transitions to first order in the quark mass difference m, — my and to NNLO
in ChPT. We have thus calculated the eight different form-factors defined in
Egs. (4.2-4.5) to order p®(m, —mg). This complements the earlier calculations
to order p*(m, — mq) done for the f, form-factors in [4] and [2] and to order
p® in the isospin limit for the vector and scalar form-factor.

What we find in all cases is the the NNLO results diminish the effects of
isospin breaking but due to the change in m,/mg from a NLO to a NNLO
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fit the total effect is to increase the isospin breaking in the form-factors. This
goes some way towards reconciling the determinations of V, s from the charged
and neutral weak Ky3 decays but does not explain the full difference. We have
also calculated isospin breaking in all the scalar form-factors. Here again, the
effects are sizable but not unexpectedly large. In particular, they are not large
enough to explain the discrepancy with the Callan-Treiman point observed by
NA48][35].

We have presented numerical results for the values at ¢ = 0 and for the
t-dependence as well as for various ratios of the form-factors. In particular, we
have shown that the relations (4.11) and (4.12) are valid to all orders in ChPT
and to first order in m,, — mg. We presented numerical results for the ratios r,
ro— and rx as well as for their equivalents for the scalar form-factors.
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4.A The order p* expression

In this appendix we explicitly write out our order p* results. We have checked
that they agree with the published results for the fy form-factors of [4] and [2].
They also satisfy the relation (4.12) when the integrals are expanded to obtain
a common Kaon mass, but we have quoted all eight formfactors here since by
rewriting one can move things between the order p* and p®. The expressions
quoted here are the ones we used to define the order p* part. The integrals
used below are the standard one-loop integrals defined in many places, see e.g.
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[20].
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Ktrt(a
I ()
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+2/3 A () s +1/3 A(min) m2o )

2/3 A(m3)miy —1/3A(m3)m

n sin e (
VBE? (mZ, —m3)
—256 m2, m3.4 L — 768 m2o my+ L% + 128 m2, L
+384m;§0 LY —4/3 A(m ,,+)mK+ +16/3 A(m2,) m2,

—2A(m30) micy +2A(mZo) mio — A(miﬁ)mQ
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—3/2?22(mK+,mn,t)) + (+2L’”t+ 1/4A(m2,)

+ 128 my; L§ + 384 my, L}
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;2 (2L’“t+ 1/4A(m2.) + 1/8 A(m20) + 1/2 A(mZ+)
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—1/2 Bas(m2o, m2+, )—3/2§Qg(mK+,mn,t)>,
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V3F2

_3§22(m%0,m%,t))

(= 8/47A(m20) + 3/4A(m2) + 3 Baa(mZo, ma, 1)
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K970(4 1 _ _
W = F2 (m2, —m2) (+2/3A(m§<+)m§(0 +1/3 A(mFe+)m
sine

+ — 128 m'o Ly — 384mi0 LY

F2/3 (m2, —m3) ( o A
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—384mi Lh +4/3 A(m2,) mio — 16/3 A(m2,) m2,
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(4.45)
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4.B The order p° LECs dependent part

In this appendix we write out explicitly the part dependent on the order p®
LECs C!. We use here a notation which uses the property (4.10).

KO0 1 A sine g sin e B
t = — t — t t
K0 = (0-TF R0 o m)
(4.46)
We also use the notation
mZ =mi +mio —m>. (4.47)

The pion mass we have used generically since they are the same to the order
of our calculation.
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The C] dependence is now given by

f2@)

1)

0

+1% (4 Cgg +4Ch) +m2t (—4Cfy — 16 CTy — 4Cly — 4C,
—20%) +m2t(—1207, —32C; —4Ch —8Ch, — 4Chs — 6C3y)
+my (—2C7, — 2C44) + m2m2 (4CY, + 4C3y)
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+12 (—12C% +12Ch) +m2 t (—4Cfy — 48 Cfy — 4Chy — 12CF,
—20%) +m2t(—44C7y — 96 Cf5 — 20 Cpy — 24 Ch, — 12 C
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+m2my (—32C7, — 32Cf, — 96 Clg) + my m (64Cf, + 64CY,
+192Cfgy — 288 Cy — 19205y — 192 C5, — 192 Chy — 384 C3)

+mS8 (=32C7, — 3207, — 96 Clg + 192 Cy + 128 Ch,

+128 C%, + 128 C%,

4256 C1,)

+m2 t(8CTy —8Chs +8Chs +4Chy) +m2t(—8CT, +8Ck,
—8Ch, —4Ch)) +mt (8CT, +8C5,) +m2m2 (—16Cy, — 16 C3,)
+mz (8C1y +8C4,),

+m2t (=4 07y +2Ch —2Ch) +m2t (40T, —2Chs +2Chy)

+md (6CTy +8CT, +4CT, +4CTs +2C5, +2Ch, +2Ch, + Chy)
+mZm2 (1207, +8C, +4Cs +8C, +4C%, +2Ck, +2Chs
+2C3) +m (-18CT, —16CYy —4Cf, —8CYs —8CT, — 6C5,
—2Cg3 —4Cg —2Cg; — 3Cyp)

+m2 t (=407, +2Chs —2CH)) +m2t (40T, — 2Chs +2Chy)

+md (=6 CYy +8CT, —4CT, +4CY5 —32C7, —48Cy — 18C3,
—24C5. —2Ch, +2C5, — Ch)

+m2m?2 (36 7y +8C s +16Cy, +4C5 + T2CT, +96 Cfgy +44C%,
+48Ch +8Chy +2Ch, +2Ch +6Cy)

+mi (=3007, —16CY; — 1207, — 8Cls —40CY, — 48 Cly — 26 C3,
—24C35 —6Cg3 —4Cgy —2Cg5 —5Cy)

0,

+m2t(8CT, —4Chs +4Ch) +m2t(—8CT, +4Chs —4Chy) +mi
(—24C7Fy —16Cfs —8CT5 — 16 C, —8Ch, —4C5, —4Ch — 4Chy)
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+m2m2 (=16 Cf3 — 16 CY, —8Cls + 16 O, — 8Chy — 4Ch, +4Chs) +mi
(24C7y +32C3 + 16 C, + 16 Cj5 +8Cy + 8Chy +8CE, +4Cy) .
(4.48)
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